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I. INTRODUCTION 
One of the principal techniques for improving the milk producing 
ability of dairy cattle is to select those members of a population (herd, 
breed, etc.) that are thought to have the highest breeding values and to 
cull those thought to have the lowest. The total genetic improvement 
per year can be visualized as the sum of four "paths": the selection of 
(1) sires of bulls; (2) dams of bulls; (3) sires of cows; and (4) dams 
of cows. Robertson and Rende1 (1950) have shown that, in a breeding unit 
of 2,000 cows with optimum structure, the respective contributions of 
these four paths are 43, 33, 18, and 6 percent, of the total improvement. 
These figures are based on the assumptions that maximum use is made of 
A.I. and that progeny-tested and young (untested) sires are used in an 
optimum ratio, and all replacement bulls are sired by tested bulls. If 
all the selection practiced were in culling cows and in deciding on the 
basis of a cow's record whether or not to use her sons for breeding, then 
the contribution due to selecting dams of bulls could be as high as 75 
percent (Rende1 and Robertson, 1950a). In practice, even without the use 
of progeny-tested sires, the dams of bulls are not likely to contribute 
quite that much to the total improvement, because other sources of infor­
mation on the pedigrees (other than the dam of the bull) and on the 
performance of collateral relatives can be used to make the selection 
of bulls more accurate. But unless considerable use is made of progeny-
tested sires, the dams of bulls can easily account for more than 50 
percent of the genetic improvement in dairy cattle populations. 
The apparent importance of selecting dams of bulls has not been 
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matched by the small attention it has received during the past decades, 
when dairy herd improvement work was occupied primarily with the problem 
of improving sire evaluation techniques. Only in recent years, in connec­
tion with the tendency of A.I. studs toward breeding their replacement 
bulls on a contract basis ("special matings"), has the problem of selecting 
cows with outstanding merit become more urgent. 
The effectiveness of selection, measured in terms of genetic improve­
ment per year, is a function of (1) the accuracy with which each cow's 
breeding value is estimated from phenotypic observations ; (2) the genie 
variance for producing ability in the population from which the cows are 
to be selected; (3) the selection differential; and (4) the generation 
interval. All these factors have to be considered as they affect each 
other; if either of the first three is very small or if the last one is 
very large, selection cannot be very effective. The accuracy can be in­
creased either by waiting for additional records or, often, by paying 
more nearly the proper attention to the information already available. At 
any rate, the gain from additional records has to be weighed against the 
loss resulting from lengthening the generation interval. For a trait such 
as milk yield, which is affected by many pairs of genes, the genie vari­
ance can be considered constant over a small number of generations. The 
selection differential can be increased by anything which makes the number 
of individuals from which to select larger and which makes the number of 
individuals needed for replacements smaller. Thus, keeping all normal 
heifers until their first lactation yield is available can be a powerful 
means for getting a larger selection differential. Postponing the 
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selection until a cow has several records can reduce the selection differ­
ential if much of the culling during the first lactations is involuntary. 
In order to maximize genetic improvement, it is necessary to find a proper 
balance between high accuracy (never its maximum), a wide difference 
between the means of selected and unselected individuals, and a short 
generation interval. 
The primary purpose of this investigation was to develop a prediction 
equation or index for the breeding value of dairy cows using the milk 
yields of the cow and her close relatives, including her dam, her paternal 
and maternal sisters, and her daughters. The paternal half sisters of the 
daughters, or the progeny tests of the cow's mates, were also included 
in this index to discount for the sire effect in evaluating the cow's 
daughters. The index weights were derived in a general form, using 
variance components. As far as these correlations could be computed 
directly, i.e. all except those involving the cow's breeding value, they 
were estimated as product moment correlations and compared with the intra-
class correlations in order to investigate the validity of some of the 
assumptions made. 
The "exact" solutions to the index weights may be too complex for 
routine application because they would require to invert a 6 x 6 matrix 
for each individual. Therefore, different sets of approximate weight­
ing factors were derived and compared with the "exact" weights. The 
importance of different groups of relatives was investigated on the 
basis of two criteria: the expected contribution of information on a 
relative's production to the accuracy of estimating the cow's breeding 
value given that this source of information was available; and the 
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frequency with which such information could be expected to be available 
under practical conditions. Finally, the interplay between accuracy, 
generation interval, selection differential, and expected rate of genetic 
improvement was investigated. 
The index was developed for the special purpose of selecting prospec­
tive dams of bulls. The breeding values for all individuals were therefore 
expressed relative to the whole population rather than on an intra-herd 
basis. The ranking of cows within a herd will not be affected by taking 
herd differences into account, but the breeding values thus calculated 
could give the herd owner additional information as to where his cows 
stand with respect to the population average. Application of an index 
to select cows for "special matings" is much like setting up entry re­
quirements for selective registration. As to the possible consequences 
of such a program, Lush writes: 
"One commercial aspect of the situation is that some owners make 
more strenuous efforts than others to sell males to other breeders 
of purebreds. A certain amount of overhead in showing, advertising, 
and sales efforts is required to sell any large fraction of the 
males produced. In some cases those who make such efforts try 
hard to sell nearly all the males they produce, while others 
make little effort to sell males except to breeders of grades. 
The herds concerned usually do not differ that much in real 
breeding merit. The adoption of selective registration might 
restrict the efforts of those who are most active in selling 
males more than it would those who are not now active at that." 
(Lush, 1945, p. 208) 
It is one of the major objectives of this study to determine how 
much the contribution to the rate of genetic improvement due to selecting 
dams of bulls could be increased if the selection index developed here 
were applied to select cows for planned matings. 
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II. DESCRIPTION AND ADJUSTMENT OF DATA 
A. Description of Data 
A total of 24,414 lactation records were included in this study, 
representing 11,630 cows, 2,160 sires, and 220 herds. The data were 
restricted to registered Iowa Holsteins from those herds which had more 
than 50 percent of their cows registered in the Holstein-Friesian herdbook, 
according to the D.H.I.A. herd file in 1962. The 220 herds from which 
cows were included in this study were either on D.H.I.A. or D.H.I.R. 
test during some time between January 1954 and April 1961, with no 
restrictions imposed on a minimum herd size, or on a minimum amount of 
time a herd had to be tested to be included. 
A single trait, lactation milk yield, was used as the basis for the 
present study. According to Farthing and Legates (1957) and Tabler and 
Touchberry (1959), little can be gained by including fat test in a pro­
duction index for Holsteins. Other productive traits, such as percent 
S.N.F., were not available for the majority of the cows included in the 
study. Type was not considered for two reasons : the information on type 
ratings was very incomplete, and the selection index to be developed here 
had the specific purpose to give a more objective basis for culling on 
production, leaving it up to the individual breeder to give as much weight 
to other traits as he deemed necessary or desirable. 
In addition to the lactation milk yields, information was obtained 
on the disposal of the progeny of a sample of the cows, to determine how 
much use was made of the production records of a cow and her relatives in 
selecting the cows and their progeny, especially the male progeny. A 
L 
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questionnaire was mailed out to 178 herds, requesting information on the 
disposal of the progeny of 3,059 cows. Out of these, 139 herds with 2,460 
cows returned the requested information. The 178 herds included all 
herds that were represented in the production data with at least 10 
records, started between May 1960 and April 1961, and which were still 
on the active D.H.I.A. file in January 1964. Herds with less than 10 
records in 1960/61 were excluded from the sample. For the remaining 178 
herds, the number of cows for which information was requested was restrict­
ed to 29 (one full page of I.B.M. listing). Including more cows would 
probably have reduced the number of returns, because of the amount of 
work the breeder would have had to invest to make the information avail­
able. If possible, only cows from the last season of calving in these 
data (October 1960 through April 1961) were used. Cows starting a record 
between May and September i960 were included only if less than 10 records 
were available for the 1960/61 winter season. 
The sample of cows for which information on the disposal of the 
progeny was obtained was not strictly a random sample, for two reasons. 
First, the choice of cows included in the questionnaires was deliberately 
non-random in the herds where more than 29 cows had freshened during the 
1960/61 winter season. The 29 cows were selected on their record started 
in that season so that the best cows would be included. The number of 
herds for which the cows were selected in this manner was small, however. 
Only 10 herds among the 139 returns were reduced to 29 from an original 
number of cows exceeding 40, and 121 were entirely unselected. Second, 
the 139 herds for which the questionnaires were returned were not neces­
sarily a random sample from all 178 herds. To estimate the bias introduced 
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from this source was not possible, but it seems unlikely that the missing 
20 percent of the cows would have affected the results very much. 
The information requested in the questionnaire included the sex of 
the progeny and its disposal. The disposal was coded into four general 
categories: (1) the calf died or was lost accidentally; (2) the calf 
was voluntarily culled for veal or beef; (3) the calf was raised and sold 
for breeding; or (4) the calf was kept for breeding (at least temporarily). 
Other information requested on the questionnaire, such as a subjective 
ranking of the dams, was too incomplete to be utilized in this study. 
B. Effects of Length of Lactation and Age 
The lactation milk yields were expressed on a 305-day, mature-equiv­
alent (M.E.), twice-a-day milking (2X) basis, using the same multiplicative 
correction factors which are currently used by the U.S.D.A. The 305-day, 
2X, M.E. records are thought to express as nearly as possible what the 
cow's lactation yield would have been if she had started her record at 
mature age (six years) and if she had been milked twice a day for 305 
days, all other factors influencing her performance being the same. 
The age correction factors used here were worked out by Kendrick 
(1955). They are based on 284,538 Holstein production records, started 
between 1945 and 1952. Many other sets of age correction factors have been 
developed by different authors. Dickerson (1940) stated that more than 40 
sets were available at that time; others have been added since then. The 
age correction factors presented earlier by the same author (Dickerson, 
1937) were based on 1,574 lactations of 274 Holstein cows, all with at 
least five records. Lush and Shrode (1950) discussed in detail the bias 
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from selection which occurs in data where all cows have many records. 
They presented age correction factors for Holstein cows based on 43,573 
Herd Improvement Registry (H.I.R.) lactations of 5,374 cows milked twice 
a day and 5,627 cows milked three times a day. Table 1 shows a comparison 
of the age correction factors presented by Dickerson (1937), Lush and 
Shrode (1950), and Kendrick (1955). The different sets of age correction 
factors are very much alike, and discrepancies seem to be of minor 
importance compared to the large amount of extraneous variation they 
remove. 
To extend incomplete records to 305 days, the factors developed by 
Madden et jil. (1959) were used. Lactations extending over more thaa 305 
days were simply truncated at this point in order to minimize non-genetic 
sources of variation which affect total lactation yield or yearly records 
more than 305-day lactations. The relative efficiency of selection for 
305-day records by using part lactation records as selection criteria is 
apparently very high. Madden ej: jil. (1955) and Madden et al. (1959) re­
ported that cumulative part records including more than 181 days were at 
least 90 percent as efficient as complete 305-day records in predicting 
305-day yield. 
Pirchner (1961) calculated the efficiency of part records in select­
ing for 305-day yield. He found that selection on the basis of 244-day 
yields was just as efficient as selection directly on 305-day yields. 
The efficiency of selection was reduced to 94, 79, 78, and 77 percent, 
respectively, by using part records of 183, 122, 92, and 61 days as the 
basis of selection for 305-day yield. 
In the original set of the present data only a single herd was milked 
le 
ge 
nth 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
-56 
59 
-62 
-66  
-71 
72 
73 
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Comparison of age correction factors for ages below mature 
equivalent (M.E.), developed by different authors 
ckerson 
(1937) 
Lush & Shrode 
(1950) 
Kendrick 
(1955) 
1.40 1.36 1,37 
1.38 1.34 1.35 
1.37 1.34 1.33 
1.35 1.33 1.31 
1.34 1.31 1.30 
1.32 1.28 1.29 
1.31 1.26 1.28 
1.29 1.25 1.26 
1.28 1.24 1.25 
1.27 1.23 1.24 
1.25 1.22 1.23 
1.24 1.20 1.22 
1.23 1.20 1.21 
1.21 1.21 1.20 
1.20 1.21 1.19 
1.19 1.21 1.18 
1.18 1.20 1.17 
1.17 1,18 1.16 
1.16 1.17 1.15 
1.14 1.16 1.14 
1.13 1.15 1.13 
1.12 1.14 1.12 
1.11 1.13 1.12 
1.10 1.12 1.11 
1.09 1.11 1.10 
1.08 1.11 1.10 
1.07 1.10 1.09 
1.06 1.09 1.08 
1.05 1.08 1.07 
1.04 1.08 1.06 
1.04 1.07 1.05 
1.03 1.06 1.05 
1.02 1.06 1.04 
1.01 1.05 1.04 
M.E. 1.05 1.03 
1.04 1.03 
1.03 1.02 
1.02 1.02 
1.01 1.01 
1.01 M.E. 
M.E. 
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more than twice a day. This herd was excluded from the analysis as not 
representative of the population from which dams of bulls may be selected. 
Thus, all records included in the analysis were actually obtained as 2X 
records rather than adjusted to a common milking frequency. 
C. Effects of Herd and Year-Season 
Even after all records have been expressed as 305-day, M.E. lactations, 
important sources of non-random variance, mostly environmental, remain in 
the data. Herd-to-herd differences in average yield constitute the most 
important one of these non-random effects. Differences from one year to 
another or between different seasons of the same year are generally much 
less important than differences among herds. Bereskin (1963) found that 
26.8 percent of the total variance among records by different cows was 
due to herds, 1.9 percent was due to year-seasons, and 2.6 percent was 
due to the herd x year-season interaction. 
Differences among herds usually present no problem in the choice of 
female replacements, since most of them are selected or culled on a com­
parison with their herd mates. But whenever replacements are brought into 
the herd from outside, it is necessary to compare them across many herds 
in the population rather than merely within each herd. Similarly, if 
one wants to set up a list of elite cows as prospective dams of bulls, 
their breeding values have to be estimated with respect to the whole popu­
lation. Thus, a central problem in developing a selection index for 
prospective dams of bulls is how to weight the two sources of information, 
a cow's own performance and the corresponding herd average. 
Several approaches have been suggested to find the optimum weights for 
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individual performance and herd (stablemate, contemporary, etc.) average. 
As long as different procedures are equally accurate and unbiased, the 
choice between them is a matter of convenience. In his paper on family 
merit and individual merit, Lush (1947) presented Equation 1: 
<» £ " 5 = A + c + E CP - « + ff - Ï) } 
in which A/(A+C+E) is the regression of breeding value on phenotype under 
mass selection in the whole population; r is the genetic correlation among 
herd mates (in terms of Wright's coefficient of relationship); t is the 
phenotypic correlation among herd mates; and n is the number of cows 
starting a lactation in the same herd-year-season. 
Using the stablemate average, SA, in place of the herd average, Y, a 
similar prediction equation can be derived: 
S - 5 • JT-ÉTi; { £ t »-«*)+ (SÂ - p)  
It can be shown* that the accuracy of estimating a cow's breeding value 
is the same for both prediction equations; and further, that the estimated 
breeding value is exactly the same, no matter whether the cow's record 
is included in the herd average, Y, or excluded from it, as in SA. Since 
prediction Equation 1 is much simpler than Equation 2, the former is to 
be preferred. 
Another method of expressing a record relative to the whole popula­
tion, taking herd differences into account, is used by the Cornell group 
*See Appendix. 
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in progeny testing bulls. Each record is expressed as a deviation from 
the "regressed adjusted stablemate average" as shown in Equation 3: 
(3) ?tJ - ï-3 - b SA, 
where is the age-corrected record of the j'*1 stablemate in the i*"*1 
herd; b is the regression of the daughter's deviation on the adjusted 
~ A 
stablemate average, SA; and y^ j is the estimated deviation from the regres­
sed adjusted stablemate average, b'SA. A description of the Cornell 
system is given by Heidhues et al. (1961). Van Vleck et al. (1961) com­
pared the regressed adjusted stablemate average to several other functions 
of the stablemate average and found the former to be most accurate. Unfor-
fortunately, no attempt has been made so far to compare the usefulness of 
Equation 1 with that of Equation 3. The present data did not contain a 
sufficient number of sires with many daughters to permit a critical com­
parison between the two methods. 
The effects of year and season of calving are almost entirely due to 
environmental sources of variation, except for the small increase in 
average genie merit of the whole population which one would expect in a 
successful selection program. The most convenient way to eliminate the 
effects of year, season, and year x season interaction is to analyze all 
data within year-seasons. As far as the average genie merit of the popu­
lation increases from one year-season to another, the resulting estimate 
of the breeding value of older cows will be biased upward, since these 
cows are compared to a population average slightly below that of the 
present population. But since average genie merit changes only very slowly, 
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even over several years, the bias in favor of older cows must be very 
small. 
The same seasons of calving were used in this study as are used 
routinely for Iowa D.H.I.A. data: a winter season, including all records 
started between October 1 and April 30; and a shorter summer season, 
including the records started between May 1 and September 30. Roughly 
two-thirds of the cows calved during the winter season and one-third in 
the summer. Table 2 shows the monthly means of 305-day, M.E. records and 
the corresponding numbers of records. The monthly averages across years, 
shown in the last column of the table, suggest thai, the seasonal break­
down used by the Iowa D.H.I.A. fits the present data very well, but that 
considerable variation remains between different months of the same summer 
season. 
Bereskin (1963) showed that with two seasons of unequal length, 
as used here, more seasonal variation can be removed than if two or three 
seasons of equal length were used. He further found that the interaction 
between herds and year-seasons was larger than the main effect of year-
seasons. The fact that the interaction effect is real suggests that some 
farmers are more successful than others in providing a balanced ration 
throughout the whole year. Using the same correction factors for all 
herds would bias upward the estimated breeding values of those cows which 
calved in the summer in well managed herds and bias downward the esti­
mated breeding values of those calving in herds with poor feeding conditions 
during the late summer months. Thus, one may actually reduce the accuracy 
by developing and using separate correction factors for each month. Due 
to the small size of a majority of the herds used in this study, it seemed 
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Table 2. Monthly means of 305-day, M.E. records (in lbs.) and number of 
records for each month (figures in brackets) 
Year 
Month 1954 1955 1956 1957 1958 1959 1960 1961 Ave. 
Jan. 13294 
(192) 
13670 
(213) 
14074 
(247) 
14262 
(252) 
14125 
(269) 
14429 
(424) 
14077 
(477) 
13876 
(509) 
14026 
(2583) 
Feb. 13673 
(133) 
13548 
(151) 
13983 
(173) 
13895 
(213) 
13870 
(194) 
14173 
(343) 
13703 
(361) 
13955 
(451) 
13886 
(2019) 
Mar. 13652 
(124) 
13757 
(152) 
13890 
(138) 
13899 
(156) 
14223 
(164) 
13319 
(300) 
13757 
(367) 
13537 
(477) 
13687 
(1878) 
Apr. 13510 
(112) 
13903 
(120) 
13664 
(116) 
13827 
(150) 
13752 
(133) 
13811 
(261) 
13640 
(280) 
13510 
(345) 
13681 
(1517) 
May 12851 
(106) 
13220 
(98) 
13429 
(92) 
13228 
(103) 
13792 
(121) 
13348 
(174) 
13218 
(247) 
13296 
(941) 
June 12434 
(91) 
12903 
(122) 
13234 
(123) 
12980 
(130) 
13204 
(127) 
12966 
(208) 
13176 
(238) 
13023 
(1039) 
July 12286 
(140) 
12660 
(188) 
12659 
(204) 
12191 
(230) 
12726 
(153) 
12784 
(268) 
12802 
(377) 
12620 
(1560) 
Aug. 12106 
(189) 
12677 
(247) 
12969 
(301) 
12182 
(197) 
13247 
(303) 
12682 
(393) 
12497 
(486) 
12663 
(2116) 
Sept. 12895 
(291) 
12982 
(340) 
13477 
(387) 
13170 
(307) 
13314 
(381) 
12951 
(524) 
12827 
(633) 
13074 
(2863) 
Oct. 13350 13651 13748 13807 13825 13897 13327 13656 
(330) (347) (450) (333) (446) (519) (581) (3006) 
Nov. 13645 14005 14116 14158 14062 13997 13756 13949 
(297) (311) (386) (278) (390) (485) (604) (2751) 
Dec. 13793 13920 14212 14275 14277 14010 13780 14023 
(261) (280) (326) (248) (444) (483) (582) (2624) 
Ave. 13202 13430 13670 13541 13766 13593 13381 [13740] 
(2266) (2569) (2943) (2597) (3125) (4382) (5233) (1782) 
13532 
(24897) 
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out of the question to make the seasons smaller than five months. 
To weight herd effects properly and to eliminate year-season effects, 
each record was expressed as in Equation 4: 
(4) X - (P - H) + (g „ p) 
where X is the lactation record, P, of a cow relative to the herd-year-
season average, H, and to the year-season population average, P. The pop­
ulation is for present purposes most conveniently defined as the total of 
all records started by registered Iowa Holsteins during a given year-
season. Defining the population in this restricted sense makes it possible 
to eliminate as much as possible of the environmental variance due to years, 
seasons, and year x season interaction. Records made in different year-
seasons or those made in the same season but by cows of different age can 
be compared in a meaningful way if expressed as in Equation 4. 
D. Estimation of Parameters 
Two parameters had to be estimated before Equation 4 could be put to 
practical application: t, the phenotypic correlation among 305-day, M.E. 
records by herd-year-season mates; and r, the genetic correlation among 
cows calving in the same herd-year-season. 
The average phenotypic correlation among records of herdmates was 
computed for each of the 15 year-seasons. In Table 3, tr is the product-
moment correlation among records of random pairs of herdmates (without 
any regard to their relationship); t^  is the corresponding correlation 
among records of cows which are not related as daughter and dam, or as 
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Table 3. Phenotypic correlations among random herd-year-season mates 
(tr) and among unrelated herd-year-season mates (tu) 
Season Nr t. Nu tu 
1 1,000 .304 419 .218 
2 1,346 .334 622 .344 
3 2,624 .347 1,402 .351 
4 1,880 .258 845 .215 
5 2,868 .335 1,397 .269 
6 2,030 .384 1,051 .252 
7 3,181 .311 1,804 .304 
8 1,697 .374 846 .364 
9 2,698 .400 1,416 .368 
10 1,668 .301 847 .288 
11 3,548 .327 2,203 .304 
12 2,506 .312 1,314 .250 
13 3,798 .276 2,415 .297 
14 3,051 .231 1,767 .204 
15 4,241 .278 2,718 .220 
Total 38,136 21,066 
Average .314 .281 
half or full sisters; Nr is the total number of intra-herd comparisons of 
random herdmates; and Nu is the number of comparisons of unrelated herd-
mates . 
The average genetic correlation among cows calving in the same herd, 
year and season was estimated directly for part of the data, in terms of 
Wright's coefficient of relationship. For these calculations only those 
herd-year-seasons were used which had between two and four records, and 
only those relationships were taken into account which were immediately 
apparent: paternal and maternal sisters, and daughter-dam pairs. The 
average genetic correlation, r, was then estimated as .25 times the 
number of half-sister pairs plus .5 times the number of full-sister and 
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Table 4. Average genetic correlation among herd-year-season mates 
obtained by use of Wright's coefficient of relationship 
Size of herd-year-season 2 3 4 
No. of herd-year-seasons 221 236 224 
No. of possible comparisons 221 708 1344 
No. of half sister pairs 42 148 266 
No. of full sister pairs 4 5 7 
No. of daughter-dam pairs 6 21 44 
Ave. genetic correlation .0701 .0706 .0685 
daughter-dam pairs, divided by the total number of intra-herd comparisons 
of two cows at a time, n(n-l)/2. The results of these calculations are 
summarized in Table 4. 
The average genetic correlation obtained from Table 4 is r = .07. 
Robertson and Asker (1951) found a very similar coefficient of relation­
ship in British-Friesian herds. For the present data, the figure of .07 
may be considered as the lower limit of the true genetic correlation, 
because only the relationships between sisters and daughter-dam pairs 
were taken into consideration. Certainly, there will also be other rela­
tionships, especially due to common grandsires. Assuming that, in 
addition to the relationships actually enumerated, there were twice as 
many first cousins as there were half sisters, we would have obtained 
.0939, .0968, and .0932, instead of the values at the bottom of Table 4. 
Another way of deriving the genetic correlation among cows calving 
in the same herd, year and season is by using the relationship in Equation 
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5: 
(5) tr = r h2 + tu 
The difficulty here is, however, that the appropriate heritability cannot 
be estimated until the records are expressed as deviations. This method 
can therefore only be used as a check on the previous derivation. Sufcsti-
o 
tuting h = « ,25 into Equation 5 would make r = .13. 
Both of these methods thus lead to estimates of the genetic correla­
tion among hseid-year-season mates very close to the value used by Lush 
and Straus (3194-2) . Their figure of r = .10 was based on the following 
argument : Mttost herds were assumed to be one-sire herds, using each sire 
for two yearas, Then the average composition of a herd would be such that 
slightly leses than half the cows were by the last sire whose daughters 
were in milk: ; about one quarter of the cows were by the preceding sire; 
and the renaatining cows were practically unrelated in spite of an occasional 
daughter-dam ; pair among them (Lush, private communication). It may seem 
odd that the figure estimated in 1942, when hardly any A.I. was used, 
should stiSl le applicable now. It should be kept in mind, however, that 
breeders o£ 5registered Holsteins in Iowa have not used A.I. extensively 
for a long ett.aough period of time to reduce the intra-herd relationship 
of cows vezry * much. 
The statistics actually used to substitute in Equation 4 were ident­
ical to those;6 given by Pirchner (1960) for natural service herds : r = .10 
and t = .30. Equation 4 for expressing deviation records, relative to 
the average « of the herd mates and to the year- season population average 
then became: 
19 
(6) X = | (P - H) + n + l (H - P) 
7 3n + 7 
where P is the 305-day, M.E. record of a cow, H is the herd-year-season 
average including the cow's own record, P is the year-season population 
average, and n is the number of records started in the same herd-year-
season . 
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III. REVIEW OF LITERATURE 
The foundation for the development of selection indexes was laid by 
Pearson (1897) with the introduction of the multiple correlation technique. 
Smith's "discriminant function for plant selection" (1936) and Hazel's 
"genetic basis for constructing selection indexes" (1943) are the two 
classical papers which opened the way for an extensive practical applica­
tion of index selection in plant and animal improvement programs. A more 
recent account of the multiple correlation technique is given in Kempthorne 
(1957), whose notation will be followed rather closely in deriving the 
weights for the present selection index. 
Legates and Lush (1954) proposed an index for lactation fat yield 
in Jersey cows, using the fat yields of the cow, her dam, her daughters, 
and her sisters. General formulae for calculating the weights in an 
index based on own phenotype and ancestor's performance were presented 
by Skjervold and jàdegard (1959). Cochran (1951) presented many of the 
mathematical and statistical problems encountered in constructing indexes. 
The assumptions commonly made in deriving selection indexes, i.e., con­
stant heritability, linear responses to selection, normal distribution of 
the variables, absence of dominance, epistasis and linkage, are discussed 
in some detail by Lush (1961). Henderson (1963) investigated the problem 
of maximizing the probability of selecting the better one of two individ­
uals in the case of unequal information. He showed that the usual 
selection index criteria are best for ranking, regardless of unequal 
information. 
Dickerson and Hazel (1944) were perhaps the first to call attention 
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to the importance of the generation interval in maximizing the annual rate 
of improvement. Their method was extended by Dempster and Lerner (1947) 
to the improvement of egg production. Rende1 and Robertson (1950a) pushed 
the derivation of Dickerson's and Hazel's method a bit further by sub­
dividing the total genetic improvement from selection into four paths, 
due to the selection of (1) bulls to breed bulls, (2) bulls to breed 
cows, (3) cows to breed bulls, and (4) cows to breed cows. In the same 
publication, Rende1 and Robertson pointed out the difficulties involved 
in estimating genetic improvement independent of the effects of age and 
improvement of management. These authors inferred that the effect of 
selection could be estimated only from the observed selection differential. 
Henderson ej: al. (1959) showed that the classical least squares approach 
to the problem of estimating genetic trends yields biased estimates. Two 
other methods for separating the genetic and environmental time trends 
are proposed in this publication. 
The intensity and kind of selection practiced in Iowa and Kansas 
Holstein herds was studied by Seath (1940). The average annual turnover 
in 147 Iowa and 37 Kansas herds was close to 30 percent of the cow popula­
tion. A study by Asdell (1951), based on large numbers of D.H.I.A. records 
from 17 states showed a surprisingly low rate of culling of 17 percent per 
year. Low production and sterility were the most common causes for 
culling, and age trends in culling were discussed. A more recent analysis 
of the reasons for disposal as well as the life expectancy of dairy cows 
was made by Meek (1961) . 
Several papers have been published on the theoretical maximum rate 
of progress, with special reference to population size. Robertson and 
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Rende1 (1950) calculated a maximum rate of improvement of 1.7 percent 
per year in a population of 2,000 cows with optimum number of cows mated 
to an optimum number of young bulls. The maximum rate of improvement in 
a population of 10,000 cows is twice the maximum of 1 percent per year in 
herds using natural service, where cows are culled only on their own 
records and bulls are selected only on the records of their dams. Specht 
and McGilliard (1960) reached basically the same conclusions as Robertson 
and Rendel. They pointed out that progeny testing was less efficient in 
herds of less than 100 cows than the use of young sires selected on the 
basis of their dam's production. 
The importance of different sources of information in setting up a 
selection index for milk production in dairy cattle has been the subject 
of numerous publications, e.g. Lush (1944a), LeRoy (1955), and Syrstad 
(1960). Legates and Lush (1954) pointed out that if a cow has as many 
as three records herself, the relatives contribute only little new infor­
mation. Lush and McGilliard (1955) reviewed the special aspects of 
proving dairy sires and dams. Since a dam can only have a small number 
of daughters, and that rather late, her own performance is a more accurate 
index of her breeding value than the average of her daughters. 
The problem of the appropriate weights that should be given to dif­
ferent records of the same cow has not been settled to date. Berry (1945) 
was perhaps the first to study this aspect in any detail. He found that 
adjacent records are more closely correlated than non-adjacent records 
and also pinpointed the then commonly made fallacy of selecting on the 
best record of a cow, with no regard to the number of records she had. 
Berry did not investigate, however, the usefulness of single first 
23 
records vs. single second records, etc. Putnam et al. (1943) found that 
the average of all records led to practically the same results as the 
use of only first records in daughter-dam comparisons when proving sires. 
More recently, Hansson (1960) in Sweden and Freeman (1960) in the U. S. 
showed that the heritabilities for first, second and third lactations 
were different, being highest for the first and lowest for the second 
lactation. If the difference in the amount of information contained in 
the first, second and third record is as large as these latter two publi­
cations suggest, then the accuracy of selecting dairy cows with several 
records could possibly be increased more effectively by giving more 
nearly the proper weights to her own records than by including some of 
her relatives. 
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IV. DERIVATION OF THE SELECTION INDEX 
A. Assumptions Made in Deriving the Index 
The population from which the parameters were estimated was assumed 
to be representative of one from which an A.I. unit would breed replacement 
bulls. Restricting the population to registered Iowa Holstein cows with 
at least one own record excludes more than 90 percent of all Holstein 
cows in the state, but since the main emphasis here was on selecting dams 
of bulls, it seemed unrealistic to include grade cows, let alone grade 
cows without production records. The index includes only information on 
a single trait, relative milk production, as defined in Equation 6. It 
was assumed that milk production, expressed in this form, was the best 
single measure of a cow's productivity and that including other perfor­
mance characteristics would increase the complexity of the index more 
than the gain in accuracy would justify. 
Non-additive effects such as dominance, epistasis and genotype-
environment interaction were treated as "error" in the present index. 
To date there is 15 positive evidence for the importance of dominance 
and epistatic variance in milk yield. Freeman and Henderson (1959) found 
essentially no dominance relationships among 1210 related but non-inbred 
D.H.I.A. cows in 11 commercial herds. No method has been developed yet 
to study the epistatic variance affecting milk yield. Until more is 
known about nor.-additive genetic variance in milk yield, it appears un­
realistic to provide for the various theoretical possibilities in a 
practical selection index. 
Thé diuice ui relatives to be included in the index was determined by 
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two aspects: closeness of relationship to the cow to be indexed and the 
frequency with which the information was expected to be available. Six 
different sources of information were included : the cow's own phenotype, 
her dam's phenotype, X^, the phenotypic average of her paternal half 
sisters, X^, her maternal half sisters, X^, her daughters, X$, and the 
paternal half sisters of the daughters, X7. 
Full sisters were treated as if they were two half sisters, one pater­
nal and one maternal. So far as dominance and epistasis exist, one full 
sister does not contain quite as much information as one paternal half 
sister and one maternal half sister taken together, so that the full 
sisters may be given slightly more weight here than they deserve. However, 
this source of inaccuracy is probably small compared to the saving in 
extra computational work. 
whenever a cow has one or more daughters, the chances are that there 
will be some paternal half sisters of the daughters as well. These will 
normally not be directly related to the cow (except for full sisters), 
but they can be used to discount for the influence of the sires on the 
daughter averages. If the daughter performance is expressed relative to 
the average of all other daughters by the same sire, then the daughter 
information should become more useful for predicting the cow's breeding 
value. The general problem of adjusting the progeny test of a female to 
give her proper credit for the difference between her progeny and the 
progeny of other females mated to the same male was discussed by Lush 
(1944b) with special reference to chickens. 
As far as possible, the correlations among the different relatives 
were estimated from actual data. Their validity is thus subject to the 
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validity of the model chosen and the general assumptions underlying the 
analysis of variance. No additional assumptions were made concerning 
the presence or absence of environmental correlations among relatives, 
except that the cow, her dam, her maternal sisters, and her daughters 
were assumed to be in the same herd. 
B. General Solution of the Index 
We have a population of dairy cows with genotypic values X^, pheno-
typic values, Xg, phenotypic values of their dams, X-j, paternal half 
sisters, X^, maternal half sisters, Xg, daughters, X&, and paternal half 
sisters of the daughters, X7. Any one of the variables Xg through X7 can 
either be a single observation or the average of several observations: 
X2 and X3 are the averages of nc and n^ records of the cow and her dam, 
respectively; X^, X5, and Xg are averages of nip, mg, and m*. individuals; 
and X7 is the average of ky paternal half sisters of each of the mt 
daughters. The index allows for a variable number of records per animal 
for any group of relatives; np is the total number of records by paternal 
half sisters, and ns, nt, and n^ are the corresponding numbers of records 
by the maternal half sisters, the daughters, and the paternal half sisters 
of the daughters. 
From the observed variables Xg through Xy we want to predict a 
cow's breeding value, X^, using Equation 7. 
(7) = b2X2 + b3X3 + b4X4 + b5X5 + bfiX^ + b7X7 , 
where b^, b^, ... , b^ are partial regression coefficients which will 
make the mean square error of prediction a minimum. Solutions for the 
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partial regressions can be obtained from the following system of equations: 
b2S22 + b3S23 + b4S24 + b5S25 + b6S26 + b7S27 = S12 
b2S32 + b3S33 + b4S34 + b5S35 + b6s36 + b7s3? = S13 
b2S42 + b3S43 + b4S44 + b5S45 + b6S46 + b7S47 = S14 
b2S52 + b3S53 + b4S54 + bsSss + b6S56 + b7S57 = S15 
b2S62 + b3S63 + b4S64 + b5S65 + b6S66 + b7S67 = S16 
b2S72 + b3S73 + b4S74 + b5S75 + b6S76 + b7S77 = S17 
The solution can be simplified considerably by working with standard­
ized partial regression coefficients. If we write the variances and 
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covariances as S2 instead of S%2, r12^1^2 instead of S]^, etc., and if 
we define the standard partials as 
S2 S S 
b2 = b2 Sl> b3=b3 sf b7 = b7 S^' 
then the system of equations can be re-written in the following way: 
b2 + b3r23 + b4r24 + b5r25 + b6r26 + b7r27 = r12 
b2r32 + b3 + b4r34 + b5r35 + b6r36 + b7r37 = r13 
b2r42 + b3r43 + b4 + b5r45 + b6r46 + b7r47 = r14 
b2r52 + b3r53 + b4r54 + b5 + b6r56 + b7r57 = r15 
b2r62 + b3r63 + b4r64 + b5r65 + b6 + b7r67 = r16 
28 
b2r72 + b3r73 + b4r74 + b5r75 + b6r76 + b7 = r17 
A general solution of the standard partial regression coefficients 
can be obtained by methods of matrix algebra, using Cramer's rule. We 
start out with a correlation matrix which is defined as in Equation 8 
below. 
(8) W 
1 
ri2 rl3 rl4 r15 r16 r17 
r21 1 r23 r24 r25 r26 r27 
r31 r32 1 r34 r35 r36 r37 
r41 r42 r43 1 r45 r46 r47 
r51 r52 r53 r54 1 r56 r57 
r61 r62 r63 r64 r65 1 r67 
r71 r72 r73 r74 r75 r76 1 
If we let W^ be the determinant of the matrix resulting by elimin­
ating the first row and column of W and further let W^j be the determinant 
of the matrix resulting by eliminating the first row and the jtb column, 
multiplied by (-1)^, then 
W 
b7 = W 
17 
11 
so that Equation 7 can now be written in the form of Equation 9. 
Wi 3 S, W12 S1 
+ fc 
or, expressing as a standardized variable, in the entirely symmetrical 
form of Equation 10 
hi h 
W11 S7 
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The W's needed to compute the index weights are then as follows: 
/ 1 
W^ = det 
r23 r24 r25 r26 r27 
r32 1 r34 r35 r36 r37 
r42 r43 1 r45 r46 r47 
r52 r53 r54 1 r56 r57 
r62 r63 r64 r65 1 r67 
CM M r73 r74 r75 r76 1 
21 23 24 •25 •26 27 
W12 = (-ir • det 
31 
41 
51 
• 6 1  
71 
43 
53 
63 
73 
34 
1 
r54 
r64 
r74 
35 
45 
65 
75 
36 
'46 
-56 
L 
C76 
37 
47 
57 
67 
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The determinant of the 7x7 matrix |w| can be obtained from W-^, 
Wi£, • ••» ^17 
(11) |W| = Wn - r12W12 - ruW13 - ••• - r^W^ 
The quantity |w| is needed to calculate the multiple correlation, R, 
of with X2, X3, Xy, using Equation 12. 
(12) R= y 1 Cl 
"11 
In the absence of an independent estimate of the cow's breeding value, R 
may be used as the expected linear correlation between the index and the 
true breeding value of a cow. Approximate solutions of the W's, omitting 
all products of three or more correlations, are given in Equations 13 
through 19. 
(13) wn = 1 " r23 " r24 ' r25 " r26 " r27 " r34 " " r67 
(14) w;2 = r12 - rur23 - r14r24 - r^r^ - r^r^ - r^ 
(15) W'3 = r13 - r12r23 - ^34 - r^r^ - r^r^ - r1?r37 
(16) = r14 - r12r24 - - r^r^ - r^r^ - r1?r47 
(17) W'5 = r15 - r12r25 - r^ - - - r,,r^ 
(18) wi6 = r16 " r12r26 " r13r36 " r14r46 " r15r56 " r17r67 
(19) W'7 = r1? - r12r2? - ^ 37 - ^4^47 " *15*57 " ^ 67 
Exact solutions for the special case where information is available on 
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%2» *2* an<* ^ 4 but not on X^, X^, and Xy are given below. 
W11 = 1 " r23 ' r24 " r34 + 2r23r24r34 
W12 = r12 " rl3r23 " r14r24 " r12r34 + r13r24r34 + r14r23r34 
W13 3 r13 " r12r23 " ri4r34 " r13r24 + r12r24r34 + r14r23r24 
W14 = r14 " r12r24 " r13r34 " r14r23 + r12r23r24 + ri3r23r24 
The approximations given in Equations 13 through 19 are sufficient 
to demonstrate that the weight for any relative, or group of relatives, 
depends not only on the number of records of that individual or the number 
of relatives in that particular group but also on the information con­
tributed by all other groups of relatives. This result is a special 
case of the corresponding general result from multiple correlation 
theory. 
In the index presented by Legates and Lush (1954), the solutions 
for the index weights were obtained by varying the information on one of 
the variables at a time, e.g. the number of daughters, but holding the 
information on all other variables constant, as shown in Equation 20. 
(20) I = Xx + .4X2 + b3X3 + b4X4 - b5X5 
The resulting partial regressions, b3> b^, and b,. in Equation 20, depend 
only on the numbers of daughters (n3), maternal sisters (n^), and paternal 
sisters (n^), but do not allow for simultaneous changes in information on 
all variables. Since these authors worked with the most probable pro­
ducing ability of each individual instead of the raw means used here, 
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one would expect to find even less dependence of any b on the remaining 
information than was observed here. 
C. Derivation of Predicted Correlations 
The correlations from which the Ws in Equation 9 are computed can 
be derived in a general way either by path coefficient analysis or from 
linear forms. In any case, the correlations have to be defined in such 
a way that variable amounts of information can be used. In other words, 
for any cow we wish to index, the correlations have to be expressed as 
functions of the number of records per individual and the number of indi­
viduals in a group of relatives. Since most of the correlations are 
rather complex, it seemed most expedient to derive them from linear forms. 
In Equation 6, the variable to be used in the index was defined as 
X 
= 1 <P"»> + 3n+7 (H"?) 
where P was the 305-day, M.E. record of a cow, H the herd-year-season 
average (including the cow's own record), P the year-season population 
average, and n the number of records started in a given herd-year-season. 
Obviously, the variance of X is dependent on n. Before going any further, 
it therefore seems appropriate to investigate whether the heterogeneity 
of the variance in X is serious enough to affect the estimation of 
different components of variance. 
Consider the preliminary analysis of variance in Table 5. This 
analysis shows that approximately one-third of the total variance in 
305-day, M.E. records is due to herd-year-season differences. Bereskin 
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Table 5. Preliminary analysis of variance -- 305-day, M.E. records 
(in 10 lbs.) 
Source D.F. S.S. M.S. E.M.S. 
Among H.Y.S. 2,582 690,241,989 267,328 W + 9.45B® 
Within H.Y.S. 21,832 1,017,366,993 46,600 W*> 
aB = 23,357. 
bW = 46,600. 
(1963) found that herds, year-seasons, and the interaction between herds 
and year-seasons accounted for 31.3 percent of the total variance, which 
is in good agreement with the 33.0 percent obtained from Table 5. The 
data used by Bereskin and those used in this study overlap considerably: 
roughly 16,000 records or 40 percent of Bereskin's data constitute two-
thirds of the present data. The remaining 60 percent in Bereskin's data 
were made up by grade Holstein cows, while the registered Holstein cows 
included in this study covered a somewhat longer period of time than was 
available for Bereskin's study. Considering that the two sets of data 
came from similar populations, the close agreement of the results is not 
surprising. 
If we denote the total variance of individual 305-day M.E. records 
by Z, the intra-herd component by W, and the component between herds by 
B, then 
Z = W + B 
and , 
W » |(Z); B=i (Z), 
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approximately. We can now write the variance of deviation records, V(X), 
in terms of Z as follows: 
V(X)= [I (!)2+ 3 ( 3^7 >2]' Z 
Table 6 shows how V(X) changes over a range of n-values likely to be 
encountered. On the average, V(X) is about 1.2 times as large as Z. 
For n=l, V(X) is greatly reduced due to the absence of intra-herd variance. 
If there were many single records per herd-year-season in a set of data, 
the heterogeneity of variance could be considerable. Over the range 
Table 6. V(X), expressed as multiples of Z, showing dependence of V(X) 
on the number of herd-year-season mates, n 
n V(X) n V(X) 
1 0.33 7 1.21 
2 1.34 10 1.19 
3 1.29 25 1.16 
4 1.26 50 1.15 
5 1.24 100 1.14 
2 < n < 70 actually found in the present data, the heterogeneity of 
variance in X does not seem to be large enough to invalidate the following 
analyses. 
After the problem of a possible heterogeneity of V(X) has been dis­
posed of, we may now proceed to partition the variance of single deviation 
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records into the following components : 
(21) V(X) =H+E+G+P+T 
where H and E are the genie and the non-genie components of variance among 
herds, respectively; G is the genie variance among cows in the same herd; 
P is the non-genic but permanent intra-herd variance among cows, including 
permanent environment, dominance and epistasis; and T is the variance due 
to temporary environmental effects, accounting for the imperfect repeat­
ability of different records of the same cow. Table 7 gives valid 
Table 7. Hierarchical analysis of variance of deviation records --
records within cows within herds 
Source D.F. Component Expectation of Comp. 
Herds 219 3,471 H + E 
Cows/Herds 11,629 35,180 G + P 
Records/Cows 12,565 37,699 T 
Total 24,413 76,350 
estimates of the error component, T, the total cow component, G + P, and 
the total herd component, H + E. But G and P as well as H and E are 
completely confounded in this analysis of variance. 
To separate G and P, a regression of single daughter records on 
single dam records was computed, based on 3,362 daughter-dam pairs. Since 
each daughter was in the same herd as her dam, the following relationship 
should hold: 
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bn_ = .164 = »5G + H + E 
O D  H + E + G + P + T  
Hence, G = 18,220 and P = 16,960 (by subtraction). The intra-herd herit-
ability is then 
h w  ~  G + P + T  =  * 2 5 0  
The heritability of herd differences, h^, is defined in terms of 
the variance components as 
h  Î - - H  
B H + E 
Going back to Equation 1 and using the information obtained so far, we 
can find the regression of breeding value on phenotype under mass selection 
in the whole population as 
.194 
A + C  +  E  G  +  P +  T  1 - r  
The heritability of actual differences among herds should then equal 
h^ = à • 1+ (n-l)r 
B  A + C  +  E  1 +  ( n - l ) t  
which turns out to .0998 if we substitute n = 10 as found in the present 
data. 
Robertson and Rende1 (1954) and Pirchner and Lush (1959) found similar 
estimates of the heritability of herd differences, using the relationship 
2W
"
bM) = ÏHmË 
where bjjjj is the regression of daughter records on their herdmate average. 
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The estimate of bj)H = .88 currently used by the Cornell group in sire 
evaluation to adjust daughter averages for herdmate level (Van Vleck, 1963) 
2 
suggests that hg may be as high as .24. Bereskin (1963), using Iowa 
D.H.I.A. data, found values for b^ corresponding to a heritability of 
2 herd differences between .16 and .20. The value of hg = .10 used here may 
be somewhat too low but, since the total herd component accounts for less 
than 5 percent of the variance of deviation records, the regression of 
genotype on phenotype in the whole population would not be very different 
2 if hg were equal to .20. 
A summary of the estimates of the components used in the following 
derivation of the "predicted" correlations is given below. 
Components Estimate 
H 347 
E 3,124 
G 18,220 
P 16,960 
T 37,699 
The variances and covariances needed to define the "predicted" corre­
lations can now be expressed in terms of the above components of variance, 
the number of individuals in a group of relatives, m, and the total number 
of records of a group of relatives, ran. The variance of a cow's breeding 
value is then 
V(XL) = H + G 
The variance of a cow's phenotype, based on an average of n records, is 
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V ( X 2 )  = H + E + G + P +  T / n c  
Similarly, the variance of the dam's phenotype, based on an average of n<j 
records, is 
V ( X 3 )  ' H + E + G + P +  T / n d  
For the variance of the cow's phenotype and that of her dam's it was 
assumed that all records were made in the same herd. This simplifying 
assumption can no longer be made for the paternal half sister average. 
If we let X£j represent the jtb record of the itb paternal half sister, 
and assume for the moment that all m paternal half sisters have the same 
number of records, n, then the variance of the paternal half sister 
average can be written as 
V(X^) = | 2 Emn V(X) + mn(mn-l) Cov(X£j,Xtiji)] 
The mn(mn-l) covariances can be separated into mn (m-1) covariances between 
records of different animals (which may or may not be in the same herd) 
and mn(n-l) covariances between different records of the same individual 
(which are assumed to be made in the same herd). The covariances between 
different records of the same individual will always involve the two 
herd components, but the covariances between records by different paternal 
half sisters will contain the herd components only if the two individuals 
are in the same herd. If we define q as that fraction of all covariances 
between records by different individuals which involves cows in the same 
herd, then the variance of the average of paternal half sisters, each 
with np records, is 
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V(X.) - iîiiîel» 
4 ™P 
(H + E) + ^  (G) + P/mp + l/»pDp 
For single herd sires, the fraction q is alway jnity; in the extreme 
case of artificial insemination, where no two daughters of a sire are in 
the same herd, q is zero. For a large number of paternal half sisters, 
V(X^) approaches H + E + G/4 if all half sisters are in the same herd, 
and G/4 if all half sisters are in different herds. 
By complete analogy, the remaining variances are obtained. It will 
be assumed that all maternal half sisters and all daughters are in the 
same herd. The variance of the average of all records by mg maternal 
half sisters, each with an average of ns records, is 
V(X,) = H + E + 1 (G) + p/ms + T/msns 
4tns 
The variance of the average of all records by mfc daughters, each with an 
average of nfc records, is 
Finally, the variance of all records by the paternal half sisters of the 
cow's daughters is 
where "q is the average q for all mates of a cow. 
The distribution of values for q may be used as a characteristic 
which describes one aspect of the breeding structure of a population. 
For the present data, Table 8 gives the distribution of q for the 528 
multiple herd sires represented in the data. The almost uniform 
m +3 
(H+E) + vr- (G) + P/nv + T/mvnv 
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distribution of q for the present population of multiple-herd sires 
points out that dividing the sires into two categories -- those used in 
single herds only, with q = 1; and those used in A.I., with q approaching 
zero -- would be an oversimplification of the actual situation. However, 
with some cooperation from the A.I. organizations and the farmers using 
Table 8. Distribution of q for 528 multiple-herd sires 
q No. of sires q No. of sires 
• 
o
 
o
 .09 54 .50 - .59 71 
.10 - .19 39 .60 - .69 56 
N> 0
 1 
.29 48 1 O 
r-
.79 38 
.30 - .39 70 .80 - .89 39 
i o .49 96 .90 - .99 7 
their services, future D.H.I.A. data may be obtained which lend themselves 
to a more uniform analysis. If A.I. studs adopt a program of sampling 
young bulls, and if these young bulls are bred to cows in as many herds 
as possible, then q can be controlled physically instead of statistically. 
Strictly sepaking, q is not a characteristic of the sire but of his 
daughters. The values given in Table 8 therefore apply only for the 
average of all daughters of a sire. To compute q for each daughter of a 
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sire seems not feasible, nor does the additional accuracy expected -- if 
it were feasible -- warrant the extra work and cost. 
We may now proceed to define the covariances in terms of the variance 
components. In general, the covariances are represented by those com­
ponents, or fractions of components, of variance which two variables have 
in common. With the assumptions made earlier, the cow, her dam, her 
maternal sisters, and her daughters will all be in the same herd, whereas 
the paternal half sisters of the cow and of her daughters may or may not 
be in the same herd. The "predicted" covariances are then as follows: 
Gov (X^ ,Xg) = H + G Cov(X3,X4> = q(H+E) 
Gov(X^ ,Xg) = H + G/2 Cov(X3,X5) = H + E 4- G/2 
CovCXpX^) = q(H) + G/4 Cov(X3,X6) = H + E + G/4 
Cov(X1,X5) = H + G/4 Gov (X3 ,Xy) = q(H+E) 
Cov(X1,X6) = H + G/2 Cov(X4,X5) = q(H+E) 
Co vtXpXy) = q(H) Gov (X4,X^) = q(H+E) + G/8 
Cov(X2,X3) = H + E + G/2 Cov(X4,X7) = q(H+E) 
Cov(X2,X4) = q(H+E) + G/4 Gov (Xj ,X6) = H + E + G/8 
Gov(X2 ,X^) = H + E + G/4 Cov(X5,X7) = q(H+E) 
CovCXg.X*) = H + E + G/2 Gov (X6 ,Xy) = q(H+E) + G/4 
Gov (X2,Xy) = q(H+E) 
From the variances and covariances defined above, "predicted" correlations 
were computed as 
Cov^.X^ 
rij VV(X1) V(Xj) 
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based on the harmonic mean numbers of relatives and records per relative 
actually found in the data. In the following section, the "predicted" 
correlations will be compared with actual product-moment correlations, 
based on the same data. 
D. Comparison of Predicted Correlations with 
Product Moment Correlations 
The assumptions made -- explicitly or implicitly -- in deriving the 
predicted correlations had to be scrutinized before these correlations 
could be used to estimate a cow's breeding value. For this purpose, 
product moment correlations were computed among the phenotypic means of 
the different groups of relatives. Using the harmonic mean numbers of 
relatives and records per relative found in the same data from which the 
product moment correlations were calculated, the correlations were then 
"predicted" from the components of variance obtained earlier and the 
average amount of information in the data. 
Table 9 shows the calculated correlations; the standard errors of 
these correlations, S^. =-y l/(n-3) ; the predicted and the calculated 
values in terms of Sr; and the ratios of calculated to predicted corre­
lations, C/P. With three exceptions, r^3, r^, and £57» the predicted 
correlations were higher on the average by about 10 percent. In 
order to pinpoint some of the more plausible explanations for the dis­
crepancies, looking at the variances and covariances separately is 
probably more instructive. 
Table 10 shows the calculated and the predicted variances; the 
ratios of calculated to predicted variances, C/p; the harmonic mean 
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Table 9. Comparison of calculated and predicted correlations 
Calculated Predicted 0?-c)/sr C/P 
r23 .212 + .017 .210 -.12 1.010 
r24 .195 + .014 .228 2.36 .855 
r25 .128 + .021 .144 .76 .889 
r26 .222 + .031 .225 .10 .987 
r27 .042 + .032 .081 1.22 .519 
r34 .076 + .018 .084 .44 .905 
r35 .198 + .024 .240 1.75 .825 
r36 .084 + .046 .135 1.11 .622 
r37 .050 + .047 .075 .53 .667 
r45 .117 + .021 .092 -1.19 1.272 
r46 .141 + .032 .160 .59 .881 
r47 .114 + .033 .155 1.24 .735 
r56 .051 + .043 .111 1.40 .459 
r57 .098 + .044 .087 -.25 1.126 
r67 .224 + .032 .253 .91 .885 
numbers of relatives, M; and the harmonic mean numbers of records per 
relative, N. Since the data were unbalanced with regard to the presence 
or absence of information on any group of relatives, it was necessary to 
compute the variances separately for each correlation. The variance of 
X^, given that information on variable X^ is present, is designated by 
V(X^) : Xj. Finally the statistic q, used to predict V(X^) and V(X7), 
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Table 10. Calculated and predicted variances of phenotypic means 
Calculated Predicted C/P M N 
v(x2) 
v(x3) 
V(X.) 
V(X5) 
V(*6) 
v(x7) 
x3 
1 
*4 1 
% 
Xo 
Xn 
I 
i 
63,155 62,868 1.00 - - 1.56 
62,877 62,079 1.01 — - 1.61 
59,27-6 59,996 .99 - - 1.77 
50,818 52,787 .96 - - 2.67 
51,302 52,725 .97 ~ - 2.68 
55,091 56,996 .97 — 2.05 
54,671 56,987 .96 - - 2.06 
51,321 55,284 .93 - - 2.27 
59,087 58,301 1.01 - - 1.92 
60,300 58,267 1.03 1.92 
15,937 15,126 1.05 7.04 1.47 
15,243 14,625 1.04 7.62 1.42 
13,269 13,623 .97 8.32 1.60 
12,656 14,569 .87 6.75 1.93 
12,671 14,603 .87 6.72 1.93 
56,897 51,635 1.10 1.26 1.55 
52,896 49,938 1.06 1.30 1.58 
56,502 51,635 1.09 1.26 1.55 
59,228 46,129 1.28 1.33 1.88 
56,084 47,332 1.18 1.34 1.71 
68,865 59,335 1.16 1.18 1.26 
68,789 60,636 1.13 1.16 1,24 
67,481 59,335 1.14 1.18 1.26 
66,456 57,868 1.15 1.21 1.27 
67,041 58,284 1.15 1.20 1.27 
18,746 17,155 1.09 6.01 1.28 
17,567 17,960 .98 5.59 1.27 
18,413 16,865 1.09 6.14 1.30 
18,860 16,347 1.15 6.48 1.30 
18,746 17,155 1.09 6.01 1.28 
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was calculated to be approximately .7 for the present data. 
The discrepancies between the calculated and the predicted variances 
in Table 10 follow certain patterns which lead to the following tentative 
explanations. First, the calculated variances are smaller than predicted 
where the phenotypic means were based on more than two records. This 
can have two reasons : (1) selection among individuals with two or more 
records ; or (2) differential repeatability of records by cows with differ­
ent numbers of records. Clearly, cows with one or more daughters are 
likely to be a selected group. Similarly, dams of cows with maternal 
sisters are probably selected to some extent, and may therefore be less 
variable than dams with only one daughter. The same argument could explain 
part or all of the discrepancies in V(Xg) : through V(Xg) : X^. 
The possibility of a differential repeatability is not quite as 
obvious and needs to be explained in more detail. Berry (1945) called 
attention to the fact that adjacent records by the same cow are more 
closely correlated than non-adjacent records. The same trend could be 
verified for the present data. Table 11 shows the intra-herd correlations 
among different records of the same cow, all records expressed as devia­
tions from the year-season herdmate average, excluding the cow's own 
record. Computing the records as deviations from the stablemate average 
must have eliminated one of the main causes that would make adjacent 
records more alike than non-adjacent records : the carry-over in herd 
environment from one year to the next. The fact that adjacency of records 
has a definite effect on the correlation among deviation records suggests 
that there might be some sort of carry-over in the cow's individual 
condition of health. Among a number of other possible causes of the 
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Table 11. Product moment 
same cow 
correlations among different records of the 
N 6,849 3,565 1,568 639 
r12 = .441 r13 = -385 r14 = .307 r15 = .272 
r23 = *481 r24 = '363 r25 = .354 
r34 = *501 r35 = 
r45 = 
.426 
.411 
apparent carry-over effect are (1) the fact that a cow competes more 
nearly with the same stablemates in two subsequent lactations than at 
any other time; (2) the tendency to treat cows according to the level of 
performance during the past lactation, e.g. feeding cows better or worse 
than their current level of production would warrant; and perhaps (3) 
an effect of the social order in the herd, which would act much like (1). 
The over-all repeatability calculated from the correlations in Table 
11, weighting each by the appropriate N, turns out to be .418. But for 
cows with only two records, the repeatability is actually .441, that for 
cows with three records is .436, that for cows with four records is .413, 
and that for cows with five records is .394. In other words, the propor­
tion of the variance which we define operationally as "permanent" or 
"repeatable" is not the same for different numbers of records in a given 
set of data, and the computed repeatability gives merely an average measure 
of how much two records of the same cow have in common. Just how important 
the differential repeatability is in the present situation is not clear, 
but it would tend to affect the variances in the same direction as 
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selection, making the average of several records less variable than pre­
dicted. 
The fact that V(X^) : Xg and V(X-j) : Xy were larger than predicted 
is perhaps an artifact of the present data, but it suggests another 
interesting point. It will be recalled that the data included records 
started between 1954 and 1961. Furthermore, several of the herds went 
on central processing much later than 1954. Therefore, less than 10 
percent of the cows had a dam as well as one or more daughters represented 
in the data. But whenever three generations were represented, there was 
a good chance of picking up the dam1 s terminal record. Not much work 
has been done on terminal records thus far, but there seems to be 
general agreement that terminal records have a tendency to be more variable 
than non-terminal records. 
Table 12 shows the variances from the same analysis which produced 
the product moment correlations in Table 11. Clearly, the variances 
Table 12. Variances of first, V(l), second, V(2), third, V(3), fourth, 
V(4), and fifth lactations, V(5), for cows with different 
numbers of records 
Minimum number of records per cow 
1 2 3 4 5 
V(1) 48,205 36,287 34,432 31,994 30,371 
V (2) 41,571 37,982 37,179 41,033 
V (3) 39,901 34,542 34,526 
V (4) 39,137 34,424 
V (5) 45,272 
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on the diagonal are larger, although they contain perfectly normal 
records along with "typical" terminal records. Notice also that only 
the variance of first records (row 1, Table 12) seems to decrease in 
accord with what would be expected as a result of selection. 
The discrepancies between calculated and predicted variances are in 
general larger where several relatives are involved, and the predicted 
values are in most instances too low. Since most oJ: the calculated 
figures were based on relatively few observations, there might have been 
enough room tor chance to become an important factor. One force which 
could have made V(X^) : and V(X^) : Xy smaller than predicted is the 
automatic negative covariance between herd-year-season mates. If the 
sample of paternal half sisters of cows which also had daughters happened 
to include an unusually high proportion calving in the same herd-year-
season, this could reduce the actual variance to the figures calculated 
from the data. In the extreme case where a herd-year-season mean is 
made up predominantly by paternal half sisters, their average would 
approach zero. 
Why all but one of the remaining variances turned out larger than 
predicted is not clear, but at least two possibilities suggest themselves. 
First, since only few cows had daughters, a relatively large proportion of 
the daughter records may have been abnormal and therefore more variable. 
Records terminated early are usually reported before the normal lactations 
started at the same time. Second, since few daughters and their paternal 
sisters had more than two records, there was a relatively large proportion 
of first and second records. Adjacency may have inflated the covariance, 
so that the sum of the first two records had a larger variance than the sum 
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of two random records of the same cow. None of these arguments, however, 
seems to give a satisfactory explanation for the discrepancies involving 
V(Xij), especially V(X^) : X&. But since V(X^) : Xg was computed from the 
same 517 observations as V(X^) : Xy, plus only 30 additional observations, 
this particular example may be used to illustrate how much the computed 
variances are subject to chance fluctuations, unless they involve con­
siderable numbers of observations. 
Next, let us take a closer look at the covariances and try to pin­
point some of the more likely reasons for discrepancies between the 
calculated and the predicted values. Table 13 shows the covariances 
actually calculated from the data, those predicted on the basis of the 
"model", and finally "adjusted" covariances. The "adjustments" are cor­
rections for any discrepancies between calculated and predicted variances 
and covariances, such that the ratio of the "adjusted" covariances to 
the product of the "predicted" standard deviations will, on the average, 
equal the calculated (product moment) correlations. Computationally, 
the "adjusted" covariances were obtained as the products of the predicted 
covariances in Table 13 and the ratio factors, C/P, in Table 9. The 
resulting correlations have the advantage that they are not based on any 
unnecessary assumptions, but they are subject to any sampling errors 
affecting the product moment correlations and may therefore not be 
equally applicable for other sets of data. 
The forces which could account for some of the discrepancies between 
calculated and predicted covariances include those discussed in connection 
with the variances in Table 10: chance fluctuations due to the small 
numbers of observations from which some of the covariances were calculated; 
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Table 13. Calculated, predicted and adjusted covariances among phenotypic 
means of different relatives 
N Calculated Predicted Adjusted 
Gov(Xg >^3) 3,362 12,495 H+E + G/2 = 12,581 12,707 
Gov(Xg> 5,113 6,170 q(H+E)+ G/4 = 6,985 5,972 
Gov(X2,Xj) 2,361 7,436 H+E + G/4 = 8,026 7,135 
GOV(X2,X6) 1,044 13,148 H+E + G/2 = 12,581 12,417 
GOV (X2 ,Xy) 973 1,311 q(H+E) = 2,430 1,261 
Gov(X3,X4) 3,259 2,189 q (H+E) = 2,430 2,199 
Gov(X3,X^) 1,751 10,340 H+E + G/2 = 12,581 10,379 
Cov(X3,X6) 483 5,369 H+E + G/4 = 8,026 4,992 
Gov(Xj ,Xy) 451 1,623 q(H+E) = 2,430 1,621 
Cov(X4,X5) 2,309 3,199 q(H+E) = 2,430 3,091 
Cov(X4,X6) 981 4,123 q(H+E)+ G/8 = 4,707 4,147 
Cov(X4,X7) 919 1,736 q(H+E) = 2,430 1,786 
Cov(X5,X6) 547 3,185 H+E + G/8 = 5,748 2,638 
Gov (Xj ,Xy) 517 3,199 q(H+E) = 2,430 2,736 
Cov(X6,X7) 973 7,950 q(H+E)+ G/4 = 7,985 7,067 
selection on one of the two variables ; terminal records; and perhaps a 
different variance-rcovariance structure where a relatively large number 
of second records are involved. In addition, there is the possibility 
that automatic negative components of covariance are important in some 
cases, and additional relationships not accounted for in the prediction 
"model" in at least one other case. 
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In general, the predicted covariances appear to be too high. Excep­
t i o n s  a r e :  t h e  c o v a r i a n c e  b e t w e e n  t h e  c o w  a n d  h e r  d a u g h t e r s ,  G o v ( X g ,  
the covariance between paternal and maternal sisters of the cow, 
Cov(X4,Xg), and the covariance between the cow's maternal sisters and 
the paternal sisters of her daughters, Cov(Xg,Xy). Why the covariance 
between paternal and maternal sisters should actually be larger than 
predicted can easily be rationalized because full sisters were treated 
as if they were two half sisters, one paternal and one maternal. If a 
cow has mf full sisters among the nip paternal sisters and the mg maternal 
sisters, then the full sisters contribute to the covariance an additional 
quantity equal to 
mf o 
[ y G + P + T ]  
mpms ' 4 
Obviously, if many maternal sisters are full sisters (in the present 
data 533 out of 1,466) and if nip is small, then this automatic contribu­
tion to Cov(X^,X^) can be considerable. 
Perhaps a similar argument could be developed to explain the dis­
crepancy between calculated and predicted Cov(Xg,Xy). It seems possible 
that this covariance actually involved several daughter-dam pairs not 
accounted for in the predictions. Also, some of the cow's younger 
maternal sisters may have been by the same sire as the paternal half 
sisters of her daughters. But since the covariance was calculated from 
only a small sample, the observed difference may not reflect what would 
be found for a larger body of data. 
One of the most plausible explanations why the predicted variances 
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are generally too high is the automatic negative covariance between 
deviation records started in the same herd-year-season. In terms of the 
components of variance, this automatic portion is equal to 
- — [G + P + T] , 
n 
where n is the number of herd-year-season mates. Obviously, where n is 
small and where two groups of relatives tend to be contemporaries, this 
quantity can become important. With an average herd-year-season size of 
approximately n = 10 in the present data, one of the conditions seems 
certain to be met in many instances. The contemporaneity, however, seems 
plausible only in some cases, e.g. for the covariance between the cow 
and her paternal sisters, GovCXg.X^), perhaps also for CovCXgiX^) and 
Gov(X5,X^), but definitely not for the covariance between the cow's dam 
and her daughters, Cov(Xg,X&). 
Selection among dams with two or more daughters in the herd could 
account for the discrepancy between calculated and predicted Cov(X^,X^). 
This explanation is supported by the fact that V(Xg) : was also smaller 
than predicted. For the covariance between the cow's dam and her 
daughters, it seems possible that the records on the dams included an 
unusually high proportion of terminal records, which may have diluted 
the likeness predicted from the model. 
The arguments given above to rationalize the discrepancies between 
calculated and predicted variances and covariances should be viewed 
with due scepticism, because of the dangers inherent in ex post facto 
reasoning. The forces discussed could affect the results in the direction 
which the data indicated, but there may be still other factors which were 
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overlooked here. But since the index weights were computed from correla­
tions using the "adjusted" covariances from Table 13, the following 
results do not depend on the validity of the rationalizations given 
above. 
The problem which remains is to define the variances and covariances 
involving the cow's breeding value, . None of these variances and co-
variances can be computed directly from the data, but there seems to be 
some argument for extrapolating the information from the calculated and 
predicted variances and covariances involving the cow's phenotype to those 
involving her breeding value. Table 10 shows that the variances involving 
Xg are in reasonable agreement with their predictions. Even if the 
reduction in V(Xg) : Xg and V(Xg) : Xy were really the result of selection 
among cows that had daughters in the herd, this selection would have 
affected the underlying distribution of breeding values only very little. 
Therefore, no attempts were made to adjust V(X^) : Xj in any way. Also, 
in the absence of any further information, it had to be assumed that the 
prediction of Gov(X^,X^) from the model was valid. 
The agreement between predicted and adjusted CovCXg.X^) and 
Cov(X2,Xg) (Table 13) is so close that no adjustments of the predicted 
Cov(X^,Xg) and Cov(X^,X^) were deemed necessary. But the discrepancies 
between predicted and adjusted Oov(X^,X4) and Oov(X^,X^) appear to be too 
large to be ignored. Selection or unusually large proportions of terminal 
or perhaps second records can be ruled out as possible explanations for 
the low calculated values for these two covariances, because the corres­
ponding V(Xg) : X^ and V(X^) : X^ should then differ from their prediction 
in the same direction. The most plausible explanation seems an automatic 
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negative component of covariance between the cow and her sisters where 
they start a lactation in the same herd-year-season. If the difference 
between calculated and predicted Gov(X2,X^) were due entirely to this 
automatic negative component, then we could define p24 as that fraction 
of the intra-herd component which makes up that difference. Thus, 
Gale. GovCXg.X^) = Pred. Cov(X2,X4) - p24(G+P+T) 
Similarly, the predicted GovCX^.X^) should then be reduced by p24(G) to 
get a more realistic value for the actual covariance between the cow's 
breeding value and the phenotypic average of her paternal sisters. From 
Table 13 we find p24 = 815/72,879 = .011, and for the maternal sisters, 
P25 = .008. To reduce the predicted Cov(X^,Xy) by any adjustment seemed 
pointless, because it was already practically zero. Table 14 summarizes 
the predicted variances and covariances involving X^ and gives the adjusted 
Table 14. Predicted and adjusted variances and covariances involving 
the cow's breeding value, X^ 
Predicted Adjusted 
V(XL) : X. H + G 18,567 
Cov(X1,X2) H + G 18,567 
Cov(X1,X3) H + G/2 = 9,457 
Cov(X1,X4) qH + G/4 = 4,798 4,598 
Cov(X1,X5) H + G/4 = 4,902 4,756 
Cov(X1,X6) H + G/2 = 9,457 
Gov (Xj^ , Xy) qH = 243 
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figures for Cov(X^,X^) and Cov(X^,X^). 
The correlations used to compute the index weights were defined in 
terms of the adjusted covariances in Tables 13 and 14 and the variances 
predicted on the basis of the model. On the average of the present 
sample of data, these correlations should be identical to the product 
moment correlations in Table 9, except that they vary with the amount 
of information on any relatives. 
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V. RESULTS AND DISCUSSION 
A. Importance of Different Groups of Relatives 
The importance of any source of information for predicting the breed­
ing value of a cow depends on two things: (1) the frequency with which 
that information occurs in a population, and (2) the closeness of rela­
tionship to the breeding value of the cow. The first of these has to 
be determined from actual data, whereas the second follows from the 
biométrie relations among relatives. 
A sample of 3,518 cows which started a record in the last season 
included in the data (i.e. October 1960 through April 1961) was used to 
investigate how much information was available from the different sources. 
The mean numbers of relatives per cow and the mean numbers of records 
per relative were then used to determine how much weight each phenotypic 
variable received in the prediction equation of the cow's breeding value 
or index. 
Only 61 percent of all cows had information on their dams in the 
data. The fact that cows with six or more records had, on the average, 
fewer records on their dams suggests that the period of time covered in 
this study was not long enough to include the dams of older cows. But 
since only 3 percent of all cows had six or more records, the short time 
period by itself could explain only a minor fraction of the cases where 
dam information was missing. Similarly, the purchase of a cow from 
another herd could explain only very few cases, because most cows are 
kept in the same herds where they were raised. The most plausible 
explanation for the absence of dam information is the continuous turnover 
of herds participating in the D.H.I.A. or D.H.I.R. Central Processing 
program. The annual turnover due to change of ownership or any other 
reasons is between 16 and 20 percent for Iowa herds,^ i.e. the average 
herd participates only between 5 and 6 years. Even if registered herds 
had a rate of turnover much below the average of all herds, there would 
still be a sizable number of herds changing ownership from father to son, 
etc. Since every herd is assigned a new herd code number as soon as the 
legal owner changes, any change of ownership has the effect that all 
previous records of the cow herself, her dam, her maternal sisters and 
her daughters are lost, as long as the search for information is limited 
to a within-herd basis. Just how much information is discarded by making 
the assumption that cow, dam, maternal sisters and daughters are all in 
the same herd is not clear, but the absence of almost 40 percent of the 
dams suggests that this point needs to be investigated further. Given 
that at least one record on the dam was available, the number of records 
per dam was 2.8 if calculated as the arithmetic mean, or 2.1 if calculated 
as the harmonic mean. 
As many as 93 percent of all cows had one or more paternal half 
sisters, with a maximum of 117, an arithmetic mean of 19.7, and a 
harmonic mean of 6.5. It is of interest to note that, on the average, 
the number of paternal sisters increases by only 10 percent with each 
additional record on the cow; in other words, most of the information 
contributed by the paternal half sisters is available at the time when 
^Voelker, D., Dairy Extension, Ames, Iowa. Data on annual turnover 
of Iowa D.H.I.A. herds. Private communication. 1964. 
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the cow completes her first record. 
The largest number of maternal sisters for any cow in the present 
sample of data was four, but only 43 percent of all cows had one or more 
maternal sisters. The arithmetic mean number of maternal sisters was .6; 
the harmonic mean, given at least one maternal sister, was 1.26. Perhaps 
some additional maternal sisters could be found by extending the search 
for relatives across herds, but the biological limits on the number of 
maternal sisters are such that the gain in accuracy would be very small 
under any circumstances. 
About one in 15 to 20 cows with less than three records had a daughter 
in the same herd, but only cows with five or more records averaged one or 
more daughters. That some of the cows with only one or two records had 
already a daughter in production reflects again the changes in herd num­
bers: the cow totals were accumulated on an intra-herd basis, so that re­
cords made under a different herd number appeared, operationally, as the 
records of a different cow. Only 19 percent of all cows had one or more 
daughters, and the average number of daughters per cow was only slightly 
above .2. Except for cows with four or more records, the paternal sisters 
of the daughters were also scarce, but for cows that did have daughters, 
there were usually records on their paternal sisters as well, with a 
harmonic mean of about six paternal sisters per daughter. 
The average amount of information contributed by the different 
groups of relatives was used to examine how much weight each source of 
information received in the index. Table 15 shows the average amount of 
information on each group of relatives within numbers of records per cow; 
the actual weights, the corresponding standardized partial regression 
Table 15. Partial and standardized partial regressions, and multiple R for different combinations 
of information on the cow and her relatives 
COW 
Information 
DAM PHS MHS DAU bCOW 
Actual Weights 
bDAM bPHS bMHS hDAU bC0W 
Standard Partials 
bDAM bPHS bMHS bDAU R 
1 .243 .494 .494 
1 1.8 .225 .111 .457 .199 .531 
1 5.9 .227 .210 .461 .192 .529 
1 1.8 5.9 .210 .107 .202 .426 .191 .184 .561 
1 1.8 5.9 0.5 .209 .104 .199 .014 .424 .187 .182 .035 .562 
1 1.8 5.9 0.5 0.1 .208 .104 .198 .014 .008 .422 .187 .181 .034 .049 .565 
2 .323 .569 .569 
2 1.8 .302 .094 .533 .169 .593 
2 6.5 .302 .200 .533 .174 .594 
2 1.8 6.5 .283 .091 .194 .498 .164 .169 .615 
2 1.8 6.5 0.6 .282 .089 .192 .014 .496 .160 .167 .030 .616 
2 1.8 6.5 0.6 0.1 .280 .089 .191 .014 .007 .494 .160 .165 .030 .042 .617 
3 .363 .603 .603 
3 1.7 .342 .084 .569 .153 .621 
3 7.1 .339 .203 .564 .168 .625 
3 1.7 7.1 .319 .082 .198 .531 .148 .164 .641 
3 1.7 7.1 0.7 .318 .080 .196 .014 .529 .144 .162 .028 .642 
3 1.7 7.1 0.7 0.3 .314 .079 .191 .014 .021 .522 .143 .158 .028 .071 .646 
4 .386 .623 .623 
4 2.0 .364 .084 .587 .148 .639 
4 7.3 .361 .201 .582 .163 .642 
4 2.0 7.3 .340 .082 .196 .549 .144 .159 .657 
4 2.0 7.3 1.0 .339 .079 .193 .017 .546 .140 .157 .029 .658 
4 2.0 7.3 1.0 0.6 .329 .078 .183 .017 .043 .531 .137 .149 .029 .099 .665 
Table 15. (Continued) 
COW 
Information 
DAM PHS MHS DAU bCOW 
Actual Weights 
bDAM bPHS bMHS bDAU bCOW 
Standard Partials 
bDAM bPHS bMHS bDAU R 
5 .402 .635 .635 
5 1.7 .381 .076 .602 .138 .649 
5 8.3 .374 .214 .591 .165 .655 
5 1.7 8.3 .354 .074 .210 .560 .134 .162 .668 
5 1.7 8.3 1.2 .353 .071 .206 .018 .558 .129 .159 .029 .668 
5 1.7 8.3 1.2 1.0 .337 .069 .190 .018 .067 .533 .126 .147 .029 .122 .679 
6 .413 .644 ,644 
6 1.3 .395 .066 .615 .126 .656 
6 6.7 .389 .185 .606 .151 .660 
6 1.3 6.7 .371 .064 .182 .578 .123 .149 .671 
6 1.3 6.7 1.1 .369 .062 .179 .019 .575 .118 .146 .031 .672 
6 1.3 6.7 1.1 1.3 .347 .060 .159 .019 .091 .541 .115 .130 .031 .143 .685 
7 .422 .651 .651 
7 1.2 .404 .062 .623 .120 .661 
7 9.8 .390 .233 .602 .169 .670 
7 1.2 9.8 .373 .060 .230 .576 .117 .167 .680 
7 1.2 9.8 0.9 .372 .058 .226 .014 .574 .114 .164 .025 .680 
7 1.2 9.8 0.9 1.5 .347 .056 .197 .014 .105 .535 .110 .143 .025 .151 .695 
1.6 .298 .547 .547 
1.6 1.2 .281 .084 .516 .163 .570 
1.6 6.5* .278 .215 .510 .185 .576 
1.6 1.2 6.5 .262 .081 .209 .480 .158 .180 .597 
1.6 1.2 6.5* 0.6 .261 .079 .206 .014 .478 .154 .177 .033 .598 
1.6 1.2 6.5* 0.6 0.2 .258 .079 .202 .014 .017 .473 .153 .174 .033 .068 .602 
aA.Ï. 
Table 15. (Continued) 
COW 
Information 
DAM PHS MHS DAU bCOW 
Actual Weights 
bDAM bPHS bMHS bDAU bCOW 
Standard Partials 
bDAM bPHS °MHS bDAU R 
1.6 6.5b .282 .175 .516 .166 .571 
1.6 1.2 6.5b .265 .081 .170 .487 .159 .162 .592 
1.6 1.2 6.5 0.6 .264 .080 .168 .015 .485 .155 .160 .035 .593 
1.6 1.2 6.5b 0.6 0.2 .261 .079 .165 .015 .018 .479 .154 .157 .035 .070 .597 
1 3 .222 .130 .450 .216 .537 
1 10a .221 .279 .450 .222 .540 
1 10b .226 .219 .459 .196 .530 
1 3 10a .202 .123 .266 .410 .205 .212 .576 
1 3 10b .206 .125 .208 .419 .207 .187 .568 
1 15= .215 .354 .438 .252 .552 
1 15 .223 .260 .453 .214 .537 
1 3 15k .197 .121 .338 .399 .202 .240 .586 1 3 15 .203 .124 .247 .413 .206 .204 .573 
1 20a .211 .410 .429 .272 .560 
1 20 .221 .287 .449 .225 .541 
1 3 20f .193 .120 .391 .391 .200 .259 .593 
1 3 20 .201 .123 .273 .409 .205 .215 .577 
3 5 20ac 2d 1 .283 .102 .336 .014 .052 .472 .161 .210 .019 .106 .671 
3 5 20bc 2d 1 .295 .102 .220 .021 .057 .491 .162 .166 .030 .115 .661 
5 5 25ac 3e 2a .305 .091 .311 .016 .108 .482 .143 .187 .081 .151 .700 
5 5 25bc 3e 2 .317 .090 .194 .027 .117 .500 .142 .143 .031 .163 .692 
bN.S. 
cTwo records per sister. 
^1.5 records per relative.-
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coefficients; and the multiple correlation of the index with the phenotypic 
variables. The weights for the paternal half sisters of the daughters 
(not shown in Table 15) were so small that the multiple R was not changed 
in the third decimal by ignoring this source of information. 
The actual weights are only of limited value for a comparison of 
the importance of different groups of relatives, because they may either 
increase or decrease as more information is added. For example, one may 
wish to use the paternal half sister total instead of the average ; the 
actual weights would thfc.i decrease with increasing amounts of information. 
The standardized partial regressions give a much clearer picture of what 
each source of information contributes to the accuracy of estimating a 
cow's breeding value. The easiest way of evaluating the importance of 
any particular group of relatives is to compare the multiple R with and 
without this source of information. 
In Table 15, six different combinations of information on the cow's 
relatives are presented for different numbers of records on the cow: 
(1) the cow's records alone; (2) the cow's records plus those of her dam; 
(3) the cow's record plus the paternal half sisters ; (4) the cow, her dam 
and her paternal sisters ; (5) the previous three sources plus the maternal 
sisters ; and (6) the previous four sources plus the daughters. These 
combinations are shown for cows with from 1 to 7 records; for the average 
of all 3,518 cows; and for a few selected examples with hypothetical 
amounts of information on the relatives, contrasting the results expected 
under "ideal" A.I. conditions (each paternal sister in a different herd) 
with those expected under natural service conditions. 
The amounts of information used to compute the different sets of 
weights were based on 3,518 cows calving during the 1960/61 winter season 
and whatever information on their relatives was available at that time. 
Harmonic mean numbers of paternal half sisters and records per paternal 
sister were used throughout all sets of weights, but simple arithmetic 
mean numbers were used for the other relatives. The problem of calculat­
ing the harmonic mean where some of the actual numbers were zero was cir­
cumvented by calculating the harmonic mean for all non-zero classes and 
multiplying the resulting mean by the frequency of all non-zero classes. 
In other words, the "harmonic" means used here are really the arithmetic 
means between the zero class and the harmonic mean of the non-zero classes. 
For the average of all data, with a harmonic mean of 1.6 records per cow, 
harmonic mean numbers were used for all groups of relatives, computing the 
weights first for A.I. conditions (q = 0) and then for N.S. (q = 1). 
A comparison of the standardized partial regressions or the multiple 
R for different combinations of information showed that, next to the 
paternal half sisters of the daughters, the maternal half sisters of the 
cows contributed least. Omitting this source reduced R by only .001 for 
any number of records on the cow. The daughters contributed an average 
of .004 to the multiple correlation, but most of this additional infor­
mation became available after the cows had already three records of their 
own. The contribution to R due to including the dams clearly depends on 
the number of records the cow had herself, being .037 for dams of single-
record cows, .024 for dams of cows with two records, and only .010 for 
dams of cows with seven records. The dependence of bp^ on the number of 
records on the cow would not change very much if the number of dam records 
would increase with increasing numbers of records per cow. The paternal 
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half sisters were slightly more important than the dams, except for 
single-record cows. Again, the paternal half sisters contributed more 
to the multiple R of single-record cows than that of cows with several 
records, but the importance of this source did not decline nearly as 
rapidly as that of the dams. 
How accurately can cows be selected from a population with a structure 
similar to that of the population investigated here? Using a single record 
of the cow and ignoring all relatives, R is close to .50; R can be raised 
to as much as .60 only if the cow's dam and at least 30 paternal sisters 
are available. When a second record of the cow becomes available, R can 
easily rise above .60 if both the dam and a small number of paternal 
sisters are available. Without using any relatives, R becomes .60 by 
the time a cow has three records ; it would take an additional four 
records to add .05 to R. The upper limit for R is close to .70 but can 
be reached only by older cows with several daughters, i.e. the necessary 
information to make R as large as .70 becomes available -- if at all --
so late in a cow's life that it can have little effect on actual decisions 
whether to keep or cull a cow or her progeny. 
Since the cow's dam and her paternal half sisters contribute by far 
more to the accuracy over and beyond the cow's own records, it would 
seem logical to concentrate all efforts on these two sources of informa­
tion. Surely, it should be possible to find a way to get at least one 
record on practically every cow's dam. Also, more information on the 
paternal half sisters could be made available (1) by including grade 
cows, and (2) by using fewer bulls in more herds, so that every cow had 
at least 10 paternal sisters in as many different herds as possible. But 
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the additional accuracy one could expect from records on the dam and 
paternal half sisters would still be limited. If every cow, in addition 
to her own single record, had three records on her dam, R would increase 
from .494 to .537, i.e. by less than 9 percent. Similarly, the addition 
of 10 paternal half sisters would increase R by no more than 9 percent, 
even if all sisters were in different herds. But three records on the dam 
plus 20 paternal sisters (all in different herds) would raise R to .593, 
i.e. by as much as 20 percent. That is almost as much as two additional 
records on the cow would contribute, but the information on the dam and 
the paternal sisters would have the advantage of being available two years 
earlier. The sooner a given amount of information is available, the more 
useful it is, because involuntary culling or culling on other traits dur­
ing earlier lactations reduces the amount of attention that can be paid 
to later sources of information. Also, information that is available 
early can help to reduce the generation interval. On the other hand, some 
other traits one may wish to consider in selecting dams of bulls, such as 
mastitis resistance or soundness of udder, become available relatively 
late. This addition to the accuracy of selection does not show in R but 
may be of significant importance. 
Not only the sacrifice in accuracy from ignoring different groups of 
relatives but also the loss in accuracy resulting from the use of approxi­
mate index weights is of practical interest. Simple linear regressions 
were derived for the cow, her dam, and her paternal sisters. The statis­
tics used for these weights were obtained from the components of variance 
on page 37: Repeatability, r = .50 and the phenotypic correlation among 
paternal half sisters, t^ = .09. To make the approximate weights more 
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readily comparable to the "exact" weights from the multiple regression 
analysis, they were multiplied by ratio factors which made the two sets 
of weights equal for the harmonic mean numbers of records and numbers of 
paternal half sisters. The approximate weights used were: 
b *  =  - 2 2 N c  .  N C  
C (1+NC) .5 2.3(1+NC) 
b* = •08nd = nD 
D (1+ND) .5 6(1+%) 
,* '04Mp . Mp 
b* = 
P 1+ (Mp-1) .09 23 + 2.2Mp 
No attempt was made to compare the usefulness of simple regressions for 
other groups of relatives with that of the corresponding partial regres­
sions because none of the other sources contributed much to the accuracy 
of the index. The product moment correlation between an index based on 
simple regressions (b*) and the index based on partial regressions, using 
the same means on 3,518 cows, their dams and their paternal sisters, was 
equal to .992. Where computing facilities are limited, the simple regres­
sions instead of the more accurate partial regressions can therefore be 
used as a close approximation. Table 16 shows the approximate weights 
(simple linear regressions) for one to five records on the cow and her dam 
and for selected numbers of paternal half sisters. For paternal half 
sisters by A.I. were assumed to be in different herds, so that the 
phenotypic correlation among them was tp = .061. The paternal half 
sisters by N.S. were assumed to be in the same herd, with a phenotypic 
correlation among them, tp = .102. 
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Table 16. Approximate weights for the cow, her dam and her paternal half 
sisters for different numbers of records per cow and her dam, 
and different numbers of paternal half sisters 
Nc be % 
A.I.* N.S.b 
1 .217 1 .040 .040 
2 .290 2 .075 .072 
3 .326 3 .107 .100 
4 .348 4 .136 .122 
5 .362 5 .161 .142 
Nd 
"*» 
10 .260 .208 
15 .326 .247 
1 .083 20 .374 .272 
2 .111 25 .410 .290 
3 .125 50 .508 - " 
4 .133 100 .576 — — 
.139 
atp = .061. 
btp = .102. 
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B. The Selection of Dams of Bulls 
To study the amount of selection actually practiced among dams of 
bulls, a sample of 1,113 cows was used. According to the returns of 139 
questionnaires, these cows had single male calves during the time from 
October 1960 to April 1961. Because of the nature of the data, it seemed 
advisable to investigate first whether this sample of cows differed sig­
nificantly from the mean of all 3,518 cows starting a lactation during the 
1960/61 winter season. The mean index for the 1,113 dams of single bull 
calves was 13,710, compared to 13,596 for all 3,518 cows, about .14 of a 
standard deviation higher. The mean index for 2,268 cows, for which 
questionnaires were sent out and returned, was 13,680, slightly below that 
for cows with single male calves and about .10 of a standard deviation 
above the mean of all cows calving in that season. Thus, the sample 
cannot be considered as entirely unselected, but the bias is not likely 
to affect the results very much, unless culling practices differed con­
siderably between the 139 herds that returned the questionnaire and the 
39 herds that did not return it. Whatever bias is in the present sample 
of data will tend to underestimate the actual intensity of selection among 
dams of bulls. 
Table 17 shows the disposal of the 1,113 bull calves within different 
levels of dam indexes. The levels of dam indexes were chosen in intervals 
of one-half standard deviations from the mean of those cows for which the 
questionnaires had been returned (X = 13,680; s% = 820). The disposal of 
the single bull calves is given in four different categories: (1) invol­
untary losses (died or lost); (2) voluntary culling for veal or beef (sold 
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Table 17. Disposal of 1,113 single bull calves in relation to their 
dams1 index 
Disposal of bull calves 
Range of Died or Sold for Sold for Kept for 
dam index lost beef dairy dairy 
(in 10 lbs.) No. % No. % No. 7. No. 7. 
1082 - 1122 1 1.00 - - - - - -
1123 - 1163 1 .50 1 .50 - - - -
1164 - 1204 5 .21 15 .62 4 .17 - -
1205 - 1245 2 .06 28 .82 4 .12 - -
1246 - 1286 6 .07 70 .78 11 .12 3 .03 
1287 - 1327 18 .10 128 .70 31 .17 5 .03 
1328 - 1368 26 .12 133 .63 44 .21 7 .03 
1369 - 1409 15 .06 156 .67 55 .24 8 .03 
1410 - 1450 17 .10 99 .59 43 .26 9 .05 
1451 - 1491 6 .06 55 .57 31 .32 4 .04 
1492 - 1532 8 .18 16 .36 19 .43 1 .02 
1533 - 1573 - - 10 .50 8 .40 2 .10 
1574 - 1614 - - 2 .40 3 .60 - -
1615 - 1655 1 .33 - - 1 .33 1 .33 
Total 106 713 254 40 
Average .095 .641 .228 .031 
Excluding losses - — .708 .252 .04( 
for beef); (3) selection for breeding in other herds (sold for dairy); and 
(4) selection for breeding in the herd where they were raised (kept for 
dairy). An inspection of Table 17 indicates that although there is a clear 
trend toward selecting more bull calves out of dams with high indexes, the 
selection is nowhere near the truncation ideal. In fact, about 37 percent 
of all bull calves kept or sold for breeding were out of dams indexing 
below the mean of the present sample of cows or about one-third below the 
general population mean. Almost 10 percent of all single male calves were 
either born dead or died or were lost before they were old enough to be 
used. Of the remaining 1,007 calves, 71 percent were vealed or sold for 
beef ; 25 percent were sold for breeding; and 4 percent were kept for 
breeding. 
The distribution of dam indexes according to the disposal of their 
sons can be seen more clearly in Figure 1. The total area of the fre­
quency polygon represents the dams of all bulls that were either sold 
for beef or saved for breeding, the shaded area combines the dams of 
bulls sold for breeding and the dams of bulls kept for breeding. The 
distribution of dams of bulls saved for breeding appears to be almost 
normal, except that it is shifted towards the right by approximately one-
third of a standard deviation. 
Perhaps a somewhat more instructive way of looking at the selection 
actually practiced is to translate the selection differential into terms 
of truncation selection. The mean index for the 294 dams of bulls saved 
for breeding was 290 units or .35 standard deviations above the population 
mean, 13,680. The selection differential was thus equivalent to saving 
bulls more or less at random out of the upper 80 percent of the dams. 
Figure 1. Distribution of dam indexes for bulls saved for breeding 
(shaded area) and for bulls culled voluntarily (unshaded 
area) 
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If the same number of bulls had been saved out of the highest ranking 
cows, strictly by truncation, then their dams should have averaged about 
1=2 standard deviations above the mean, about four times the actual 
difference. 
Among several reasons which could account for the large discrepancy 
between achieved and achievable selection differential, the most obvious 
one appears to be the different amount of selection practiced in different 
herds. Table 18 shows that practically no selection was practiced in 50 
percent of all herds, either because all bull calves were culled indis­
criminately or because practically all were saved. The results in Table 
18 regarding the fraction of herds saving a given percentage of all live 
bull calves could be biased in two ways. First, the herds that provided 
the information on the disposal of the calves may not have been a random 
sample of all registered herds in the state of Iowa. Perhaps some herd 
owners were not interested in filling out the questionnaire because they 
were not selling any breeding stock. In that case the fraction of herds 
saving no bull calves would be underestimated in the data presented in 
Table 18. Second, in herds with more than 29 cows calving during the 
1960/61 winter season, the cows represented in the questionnaire were 
selected on their record started during the 1960/61 winter season. Assum­
ing that all sons out of cows eliminated from the questionnaire were 
culled, the fraction of bulls saved would be somewhat smaller on the 
average. But since only 18 herds had an initial number of calvings of 
30 or more and six of these saved no bull calves, this second source of 
bias cannot have been very important. In fact, only a single herd would 
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Table 18. Distribution of the fraction of bulls saved for breeding in 139 
registered Iowa Holstein herds 
Fraction of 
bulls saved 
No. of 
herds 
Fraction 
of herds 
0 53 .381 
.01 - .19 28 .201 
.20 - .39 14 .101 
.40 - .59 8 .058 
.60 - .79 13 .094 
.80 - .99 9 .065 
1 .00 14 .101 
have moved up from .80 - .99 saved to .60 - .79 saved. If the first 
source of bias is at all important, then the results derived from Table 
18 are likely to underestimate the fraction of herds saving no bull 
calves. 
It is perhaps a bit misleading to use the total traction saved in a 
given herd as a measure of the selection intensity, because the bulls are 
likely to leave different numbers of offspring. For example, the bulls 
out of dams indexing below average could have been sold to commercial 
herds where they had little influence on the genetic improvement of the 
whole population, and the sons out of the highest indexing dams could have 
been used extensively in purebred herds or in A.I. service. At any rate, 
the fraction of bulls saved in different herds is out of proportion to any 
real differences in average breeding values likely to exist between herds. 
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In order to find out more about possible reasons for non-truncation 
selection of bull dams in herds saving an intermediate fraction of bulls, 
the breeders were asked to designate their first, second and third choice, 
if they were given the choice to keep or sell for maximum expected profit 
a son out of any of the cows listed on their questionnaire. Out of 139 
questionnaires returned, only 100 completed this information, which by 
itself may be taken as an indication that the breeders were not sure about 
their choices. Table 19 gives a comparison of the breeders' first three 
choices with the intra-herd ranking according to the index. Sixty percent 
of the breeders' first, second or third choices were among the 100 cows 
ranking highest according to the index, and 50 percent of the breeders' 
first choices included cows in the upper three index ranks. Some of the 
breeders' first choices ranked almost at the bottom of the herd according 
to the index. Thus, the agreement between index ranking and subjective 
ranking was far from perfect. 
It would be fallacious to assume that the index rank was in all cases 
the "best" rank. Undoubtedly, the breeders may have had more information 
than was included in the index, especially since the breeders' appraisal 
was made more than a year later and thus included either one additional 
record or the reason for disposal and perhaps also more information on 
the cows' relatives. On the other hand, it is not likely that many breed­
ers give the optimum emphasis to the different sources of information at 
their disposal. It would be instructive to know all major sources of 
disagreement between the index ranking and the subjective ranking, but 
that information is not available in the present data. However, a com­
parison of the highest ranking individuals on the index scale and on the 
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Table 19. Concurrence of intra-herd ranking of cows according to the 
index and according to the breeders' subjective choice of 
the first three cows 
Intra-herd Fraction designated as 
rank by First Second Third 
index choice choice choice 
1 .21 .22 .17 
2 .13 .13 .08 
3 .16 .13 .12 
4 .08 .02 .14 
5 .07 .06 .06 
6 .07 .09 .07 
7 .03 .08 .04 
8 .07 .04 .03 
9 .06 .03 .08 
10 .02 .06 .06 
11-29 .10 .14 .15 
subjective scale indicated that the breeders tended to favor older cows 
over younger cows of comparable breeding value. Table 20 shows the predict 
ed genie superiority and the average age of the three highest ranking cows 
in 100 herds, (i) with the ranking based on the index and (ii) with the 
ranking based on the breeders' subjective choice. Perhaps a considerable 
part-of the difference in average genie merit between cows ranking first, 
second and third on the two different scales is the result of too much 
emphasis on the cows' ability to maintain a high level of performance over 
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Table 20. Predicted genie superiority and age of cows 
second and third based on the index and on 
ranking first, 
a subjective rank 
Predicted genie superiority Age 
Index rank lbs. % of mean (years) 
1 1,470 10.9 4.73 
2 1,128 8.4 4.63 
3 855 6.3 4.40 
Subjective Rank 
1 800 5.9 6.19 
2 658 4c 9 •5.27 
3 569 4.2 4.88 
several lactations and too little faith in initial high performance. 
The average age of dams of bulls sold for breeding and that of dams 
of bulls kept for breeding shows again the breeders' preference for older 
cows as bull dams: The dams of 254 bulls sold for breeding averaged 
4.53 years of age, only slightly above the over-all average of 4.40 years; 
but the dams of 40 bulls kept for breeding averaged 5.64 years of age, 
more than one year higher. An independent sample of 1,000 Holstein-
Friesian bulls registered in 1963 (the first 1,000 entries of the first 
volume of the 1963 herdbook) showed an even higher average age of dam of 
6.19 years. 
The relations between accuracy, selection differential and generation 
interval have to be scrutinized with regard to the usefulness of "special 
matings". Cows for special matings can be selected on their first record, 
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but the resulting bulls are out of cows with three or more records. In 
the sample of 3,518 cows used earlier to derive the index weights, about 
two-thirds had only one or two records, i.e. the dams of bulls would 
have to be recruited from little more than one-third of the total popu­
lation of registered cows. Since selection for production is not very 
intense, the cows with three or more records are not likely to average 
much above the mean breeding value of cows with one or more records. The 
effect of imposing a minimum on the number of records a cow is required 
to have before a one-year old son out of her is sampled, has to be related 
to the over-all annual rate of improvement. Following Robertson and 
Rendel (1950), we may express the annual genie improvement as 
a g  =  §ï • 
where I is the genie superiority of the selected parents and L is the age 
of the parents when their offspring are born. More explicitly, 
Ijjb = genie superiority of sires of bulls 
I3C = genie superiority of sires of cows 
ICB = genie superiority of dams of bulls 
Icc = genie superiority of dams of cows 
LgB = age of sires of bulls when born 
Lyç = age of sires of cows when born 
Lçg = age of dams of bulls when born 
Lqq = age of dams of cows when born 
Also, 
21 3 IBB + IBC + ICB + ICG 
79 
and 
£L = L-BB + LBG + LCB + Lcc 
Imposing a restriction on the minimum age of bull dams will change IçB and 
Lçg but will leave all other variables affecting A G unchanged. If we 
let K-ji - IgB + IBC + Icc and = Lgg + LgC + Lcc , then 
A G = -1 + -GB 
K2 + ^ CB 
A general solution in terms of the minimum number of records of bull dams 
is not possible, because and Kg depend on the population structure. 
If little selection is practiced among sires, as under natural service 
conditions, then the numerator of A G is largely determined by IqB and, 
consequently, A G will reflect changes in the age composition of bull dams 
much more than if K-^ is a large fraction of the numerator, as under A.I. 
conditions. 
The genie superiority of dams of bulls is equal to the product of 
the accuracy, Rjq, the genie standard deviation, ffç, and the selection 
differential, (I-I)/Sj. Clearly, the accuracy with which bull dams are 
selected increases with increasing numbers of records per cow. If selec­
tion during the first lactations were wholly on production, then the 
selection differential would remain unchanged. But involuntary culling 
or culling for traits other than production makes it necessary to select 
a constant number of individuals for replacements from a population of 
decreasing size. 
To arrive at concrete figures concerning the effect of limiting the 
choice of bull dams to cows with a given minimum number of records, the 
80 
following assumptions will be made: (1) a liberal proportion of cows is 
mated to outstanding progeny-tested sires, leaving enough freedom to 
select among the resulting bull calves; (2) the final selection among 
dams of bulls to be sampled is made when the bulls are one year old, i.e. 
when their dams have at least three records ; and (3) the bull dams are to 
be selected from among the 3,518 cows used earlier to derive the index 
weights. Two different situations will be investigated which are believed 
to bracket the actual population structure regarding the intensity of the 
selection among bulls and cows. In the first case, no selection is 
practiced among bulls ; the selection among dams of cows is equivalent to 
truncation culling of the lowest 10 percent on the genie scale; the 
average age of the bulls when their offspring are born is 3 years; and the 
average age of dams of cows is 4.5 years. In the second case, all bulls 
are by progeny-tested sires, with enough selection pressure on the sires 
to make their average equivalent to selecting the upper 20 percent on 
the genie scale; the average genie superiority of sires of cows is half 
that of sires of bulls, allowing for the use of young untested bulls ; 
the average age of sires of bulls is 7 years, that of sires of cows 5 
years. The values of I and L for the two cases are summarized below, 
giving I in units of <Jq and L in years. 
Case 1 (N.S.): Case 2 (A.I.): 
^BB 0 IBB = 1.40 
IBC 0 ^BC A .70 
ICE .12 ICC = .12 
LBB 3 3.0 ^BB 3 7.0 
^BC S 3.0 I-BC = 5.0 
LCC 3 4.5 LCC = 4.5 
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The remaining two variables determining A G, ICfi and Lçg, depend on the 
number of bulls needed for replacements and the minimum number of records 
per dam. Assuming that one out of every four matings results in a bull 
calf reaching the age when he can be sampled, 100 dams would have to be 
selected to get 25 bulls. Values for lçg and LqB were computed for the 
cases where bulls were saved out of the highest ranking 100, 200, 300, 
and 400 dams in the population of 3,518 cows, with the following restric­
tions on the minimum number of records per dam (at the time when their 
sons were one year old): (1) at least one record (no restriction); (2) 
at least two records ; (3) at least three records (the minimum for "special 
matings"); and (4) at least four records. Table 21 gives the values for 
Içg and LqB for the different situations. 
In Table 22, the values for IgB and Lçg from Table 21 are used to 
determine the annual rate of improvement. For the first case (N.S.), we 
Table 21. Average genie superiority of dams of bulls, Igg, and average 
age, LqB, for different intensities of selection and different 
restrictions on the numbers of records per dam, Nq 
Number of dams out of which bulls are saved 
100 200 300 400 
ICB ^CB %CB ^CB ICB ^CB %CB K:B 
ND > 1 1.54 5.00 1.35 4.72 1.23 4.66 1.13 4.53 
ND > 2 1.50 5.73 1.29 5.53 1.15 5.38 1.04 5.28 
% > 3 1.39 6.47 1.13 6.21 .97 6.16 .85 6.09 
ND > 4 1.15 7.31 .82 7.31 .59 7.43 .40 7.36 
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have 
AG 3 
K1 + XCB 
K2 + 
,12 + ^ GB 
10.5 + LcB 
Similarly, we have for the second case (A.I.) 
A G 
2.22 + I, CB 
16.5 + LqB 
Three general results are born out by the figures in Table 22: (1) A G 
is reduced relatively more under N.S. conditions than under A.I. condi­
tions if the selection of bull dams is restricted to cows with several 
records. (2) Doubling the minimum number of records per bull dam has 
roughly the same effect on decreasing A G as doubling the fraction of 
bulls saved. (3) Putting any restrictions on the minimum number of 
records per dam reduces A G more sharply as the fraction of bulls saved 
is increased. 
How can the net improvement due to selecting dams of bulls be maxi­
mized? Within the limits of practicability, the population from which 
to select bull dams has to be kept as large as possible by avoiding any 
unnecessary restrictions on the minimum number of records per dam. Also, 
the probability that a superior cow is mated to an outstanding progeny-
tested sire has to be maximized. And finally, some system has to be 
worked out to ensure that young bulls with outstanding pedigrees are 
actually kept for breeding. 
Obviously, the selection differential among young bulls would be 
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Table 22. Predicted annual rate of improvement8 under N.S. and A.I. for 
different intensities of selection and different restrictions 
on the minimum number of records per bull dam 
Percent cows saved as bull dams 
2 .84 5 .68 8 .53 11 .37 
N.S. A.I. N.S. A.I. N.S. A.I. N.S. A.I. 
«D > 1 .107 .175 .097 .168 .089 .163 .083 .159 
% > 2 .100 .167 .088 .165 .080 .160 .074 .155 
% > 3 .089 .157 .075 .148 .065 .141 .058 .136 
% > 4 .071 .142 .053 .128 .040 .117 .029 .110 
aIn units of genie standard deviations. 
maximized if all registered cows were mated to outstanding sires, the 
bulls were kept until they were old enough to be sampled and selected 
at that time on the basis ot their dams'index. That would be feasible 
it (1) the non-registered D.H.I.A. herds were willing to use predominantly 
young bulls and to provide the progeny tests for bulls to be used in 
registered herds and (2) the bulls could be raised for beef with a 
reasonable profit margin. More realistically, one could attempt to mate 
the upper one-third to one-half of the registered cows to outstanding 
sires, leaving the remaining cows for testing young bulls. In that case, 
heifers with above-average pedigrees, first-calvers with above-average 
production during the first two or three months, and a decreasing fraction 
of cows with several records could be mated to outstanding bulls. The 
breeders could do much of the preliminary culling among young bulls, 
raising only those they could reasonably expect to sell for breeding. 
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That would limit the task of indexing prospective dams of sampling bulls 
to those cows that actually had a son, almost old enough to be sampled. 
Undoubtedly, such a program would raise many technical questions, but they 
could be worked out as they came up and need not concern us here. 
A problem which has been neglected so far is the optimum attention 
to traits other than milk production. From comments made on the returned 
questionnaires, type classification obviously receives a lot of attention, 
but there is no way to quantify the intensity of selection for type in 
the present data. In several instances, the type ratings were given 
for those cows designated as the breeder's first, second or third 
choice, and the type classifications are likely to account for some of 
the discrepancies between the breeders' subjective ranking and the index 
ranking. The selection of young sampling bulls will have to take into 
consideration some aspects of type, such as soundness of the udder (in the 
dam and the paternal half sisters) and perhaps soundness of the feet and 
legs. Corrective matings can take care of some weak points in the dams' 
type; in extreme cases, a dam ranking very high on production may have to 
be vetoed on account of her poor type. But to sacrifice much of the 
selection differential for production in order to improve fancy points 
which have little or no relation to net income in commercial dairy herds 
seems unjustified. 
C. Selection Among Cows on Their Own Index 
Although the selection of cows to breed cows can contribute only 
relatively little to the total rate of genetic improvement in any dairy 
cattle population, culling for low production may have an important 
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immediate effect 011 the herd average. Previous studies on the amount of 
and reasons for culling in dairy herds indicate that between 25 and 35 
percent of all cows surviving the previous lactation leave the herd 
annually, and that about 30 percent of all cows are culled for low pro­
duction (Seath, 1940; Asdell, 1951; Rendel eit al., 1951; Specht and 
McGilliard, 1960). 
The questionnaire data for 2,268 cows calving during the 1960/61 
winter season indicated whether the cows had left the herd by January 
1963, about two years after they had started the last record used in 
computing the index. Fifty-two percent of the cows had left the herd 
during 1961 and 1962. The 1,083 cows still in the herds after about 
two years had an average index of 13,836, 156 units or .19 of a standard 
deviation about the mean of all 2,268 cows. The phenotypic selection 
differential corresponds to truncation selection of the lowest 10 percent 
of the cows. 
Table 23 shows the fractions saved within different levels o£ the 
index. The same data are illustrated in Figure 2. Culling was very heavy 
among cows more than one and one-half standard deviations below the 
average, but the fraction culled in all other levels showed only a very 
slight trend toward saving more in the higher indexing groups. 
Some additional selection was practiced among daughters of low pro­
ducing cows, as can be seen from the average index of dams of cows culled 
voluntarily for beef. Table 24 shows the average index for dams of single 
female calves within the disposal of the calves. About two-thirds of all 
single female calves were kept for at least a part first record, almost 
16 percent died between birth and first freshening or did not get in 
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Table 23. Fractions of cows surviving two years of culling within differ­
ent levels of cow indexes 
Range of index No. of all cows No. saved Fraction saved 
1082 - 1122 1 - .00 
1123 - 1163 15 2 .13 
1164 - 1204 32 2 .06 
1205 - 1245 87 23 .26 
1246 - 1286 183 77 .42 
1287 - 1327 380 157 .41 
1328 - 1368 466 222 .48 
1369 - 1409 444 214 .48 
1410 - 1450 331 186 .56 
1451 - 1491 190 116 .61 
1492 - 1532 82 46 .56 
1533 - 1573 42 28 .67 
1574 - 1614 12 7 .58 
1615 - 1655 3 3 1.00 
calf and were sold for sterility; 14 percent were sold for dairy; almost 
one percent was culled because the calves were by an Angus bull or because 
they were homozygous recessive for the red factor; and two cows were 
purchased without calf. The numbers in the last two categories are too 
small to attach much significance to the relatively high means for the 
dam indexes. But it is not surprizing to find the cows bought into the 
herd from outside far above the average. If the heifers culled voluntarily 
Figure 2. Distribution of indexes for cows surviving two years 
of selection (shaded area) and for cows culled (unshaded 
area) 
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Table 24. Average index of 
the daughters 
cows with single female calves by disposal of 
Disposal of daughters Index of dams No. Fraction 
Kept for dairy 13,658 717 66.7 
Sold for dairy 13,672 153 14.2 
Died or lost 13,654 170 15.8 
Sold for beef 13,525 25 2.3 
Crossbred or carrier 13,841 8 .7 
Dam bought without calf 13,930 2 .2 
and those culled because they were either by an Angus bull or were red 
are combined, then the average index for dams of heifers sold for beef 
is only 56 units below the mean index of dams of heifers kept. The 
amount of voluntary culling among heifers on their dams' index can thus 
be considered as almost negligible. The mean of dams of cows sold for 
dairy is just enough above the mean of , "ifers kept to offset whatever 
gain there was from culling the daughters of the lowest indexing cows. 
For setting up a scheme of "special matings" to produce replacement 
bulls, one needs to have at least an approximate idea of the life ex­
pectancy of those cows that are chosen as prospective bull dams. Usually, 
a calf out of a planned mating will be born anywhere from one to two years 
after it has been decided to make the mating. For the 2,268 cows repre­
sented in the questionnaire data, the rate of survival was determined 
in January 1964, i.e. about two years after the cows had completed the 
lactation started during the winter season 1960/61. To make the data 
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Table 25. Percent of survivors of previous cullings removed each 
lactation 
\ 
Present Specht and Rende1 
Lactation study McGilliard jît al. 
1 22.4 25.2 27.7 
2 24.5 27.2 35.4 
3 29.7 26.2 35.2 
4 30.5 28.5 32.2 
5 34.9 31.9 36.7 
6 31.8 36.0 49.4 
7 44.6 40.9 47.1 
comparable to those available in the literature, the total exodus during 
the two-year period was divided by two. Table 25 shows that the results 
for the present data are in good agreement with the culling rates found 
in the studies of Rende1 e£ al. (1951) and Specht and McGilliard (1960). 
The heavier culling rate for cows with three or more lactations stresses 
again the importance of making the selections as early as possible. 
Depending on the age or number of lactations of the prospective bull 
dams, one would have to make at least four to five matings for every 
replacement bull needed. 
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VI. SUMMARY AND CONCLUSIONS 
A selection index for milk production in Holstein-Friesian cows was 
developed, with special reference to the problem of selecting cows from 
which to breed replacement bulls. The selection index was based on the 
milk yields of the cow, her dam, her paternal and maternal sisters, her 
daughters, and the paternal half sisters of the daughters. All records 
were expressed relative to the year-season population average, using the 
formula 
x = CP-H) + ®-5> 
The deviation records, X, take into account the deviation of a cow's 
record, P, from the corresponding herd-year-season average, H, as well as 
the deviation of the herd-year-season average from the year-season popu­
lation average, P. The genie correlation, r (which is Wright's "coef­
ficient of relationship"), among cows starting a lactation in the same 
herd-year-season was .1 in these data; the corresponding phenotypic 
correlation was .3 before the records were expressed as deviations. 
Expressing each record as a function of the 305-day M.E. record, the 
corresponding herd-year-season average and the year-season population 
average reduced the variance among herds from an initial 30 percent to 
«only 4.5 percent of the total variance. The reduction in the herd-to-herd 
variance follows from the fact that r is smaller than t, which makes the 
regression 
1 + (n-l)r 
1 + (n-l)t 
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smaller than unity. For the deviation records, the statistics resulting 
2 from the components of variance were: heritability, h = .25; repeat­
ability, r = .50; phenotypic correlation among half sisters in the same 
herd, t = .102; and phenotypic correlation among half sisters in different 
herds, t = .061. 
The index was developed in a general form, based on the predicted 
correlations among groups of relatives. The predicted correlations allow 
for any number of records per individual and any number of relatives. 
Also, provision was made to take into account the distribution of paternal 
half sisters over several herds. The predicted correlations were defined 
in terms of components of variance estimated from 24,414 lactation records 
by 11,630 registered Iowa Holstein cows, and in terms of the amount of 
information contained in the means of two relatives, or groups of 
relatives, being correlated. 
The selection index was applied to a sample of 3,518 cows calving 
during the 1960/61 winter season. A comparison of the contribution of the 
different sources of information to the accuracy of estimating a cow's 
breeding value showed that very little was gained by including in the 
index the cow's daughters and her maternal sisters. The selection of the 
cows based on their own records alone would have been 91 percent as 
accurate as selection based on all available information. Ignoring the 
maternal sisters, the daughters, and the paternal half sisters of the 
daughters lowered the accuracy by less than one percent of its value. 
The additional work involved in compiling information on the maternal 
sisters and the daughters seems not justified by the gain in accuracy. 
Furthermore, the weights obtained from multiple regression analysis 
(partial regressions) differed only little from a set of approximate 
weights (simple regressions), the product moment correlation between 
indexes based on the two sets of weights being r = .992 for the sample of 
3,518 cows. 
More promising means to increase the accuracy of estimating a cow1s 
breeding value, instead of including maternal sisters or daughters, could 
be: (1) to extend the search for records on the cow and her dam across 
herds; (2) to increase the number of paternal half sisters; and (3) if 
possible to have the paternal half sisters distributed in as many different 
herds as possible. In the special case of selecting dams of bulls, the 
accuracy of selection can be increased most effectively by using combina­
tion selection, weighting properly the cow's deviation from her herd 
average and the deviation of the herd average from a population average. 
Even simple mass selection across all herds would bring a considerable 
increase in accuracy compared to the present selection practice which 
gives too much emphasis to differences among herds. 
The selection actually practiced among dams of bulls was equivalent 
to truncation culling of the lowest 20 percent, the bulls for breeding 
being saved out of the upper 80 percent of the dams more or less at 
random with respect to the index. The selection practiced among cows on 
their own index (allowing two years for the culling to take place) was 
equivalent to truncation culling of the lowest 10 percent of the cows and 
random discarding among the rest. Finally, the selection among heifer 
calves on their dams' index was effectively zero: the average dam index 
for heifer calves leaving the herd was the same as that for heifers which 
were kept as replacements. 
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The relationship between accuracy, selection differential and genera­
tion interval for cows with at least one own record clearly shows that 
nothing can be gained by waiting for additional information. Therefore 
prospective bull dams should be identified and used as early as possible. 
Instead of selecting a few outstanding females for "special matings" to 
the best progeny-tested sires available, a much larger fraction of all 
registered cows should be mated to outstanding sires. The replacement 
bulls could then be selected with a larger selection differential and no 
increase in the average age of dams of bulls. A positive step toward 
reducing the generation interval from sire to bull could be to choose 
some of the replacement bulls out of the first crop of calves by young 
sampling bulls. Perhaps other ways to reduce the generation interval 
effectively can be found, once the importance of the generation interval 
in maximizing the annual rate of improvement becomes more widely recog­
nized. 
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IX. APPENDIX 
Consider the path diagram in Figure 3, where G-^ is the breeding 
value of a cow; G^ ... Gn are the breeding values of her stablemates; 
P^ and Pg •.. Pn are the corresponding phenotypes; H is the herd average 
including the cow's own record; and Y is the stablemate average, excluding 
the cow's record. 
H in the present discussion corresponds to Y in Equation 1 on page 
11, Y corresponds to SA in Equation 2, and h^ is equivalent to A/(A+C+E) 
in Equations 1 and 2. The relevant correlations from which the weights 
in Equations 1 and 2 were derived are: 
Using the herd 
average 
rGP = h 
h[l+(n-l)r] 
V n[l+(n-l)t] 
Using the stable-
mate average 
rGP = h 
rGY = rh 
I n-1 
V 1+(n-2)t 
PY 
= t -v I n" 1 
V l+(n-2)t 
In order to demonstrate that Equations 1 and 2 express a cow's breed­
ing value with the same accuracy, we have to show that the following 
identity holds (Kempthorne, 1957). 
1 rGP rGH 1 rGP rGY 
(l"rPY^ rGP 1 rPH = (l-rjg) rGP 1 r PY 
rGH rPH 1 rGY rPY 1 
102a 
=  V  n  [ I  + ( n - l )  t ]  
X 
\ 
( n - l )  [ l  +  ( n - 2 ) t ]  
Figure 3. Path coefficient diagram showing the biometrical relations 
between a cow's breeding value, G, her phenotype, P, the 
herd average, H, and the stablemate average, Y 
102b 
Solving the determinants, we get 
U-r& { 1 - rGP " rGH " rPH 
= <1-4h) { 1 - rGP " rGY " rPY 
LGP"GITPH 4 
or 
(l't) [l+(n-l)t] f 2 _ h2[l+(n-l)r]2 _ l+(n-l)t 
1+(n-2)t I n[l+(n-l)t] n 
+ 2h2 1+(n-l)r 
n 
(1-t)(n-l) f 2 _ (n-l)h2r2 _ (n-l)t 
n 1 l+(n-2)t 1+ (n-2 
n-l ) 
H(n-2)t J 
2 
H 
+ 2h2
" l+(n-
Multiplying both sides by the common denominator, the identity to be 
shown becomes 
0 = ^n(l-h2)[l+(n-l)t] - h2[l+(n-l)r]2 - [l+ (n-l)t]2 
+ 2h2[l+(n-l)r][l+(n-l)tjj 
- | (n-l)(l-h2)[l+(n-2)t] - (n-l)2h2r2 - (n-l)2t2 
+ 2h2rt(n-l)2 J 
= n(l-h2)[l+(n-l)t] - h2 - 2h2(n-l)r - (n-l)2 h2r2 - 1 
- (n-l)2t2 - 2(n-l)t + 2h2 + 2h2(n-l)r + 2h2(n-l)t 
+ 2h2(n-l)2rt - n(l-h2)[l+(n-l)t] + (1-h2)[l-2(n-l)t] 
+ (n-1)2h2r2 + (n-l)2t2 + 2h2rt(n-l)2 
= 0 
Q.E.D. 
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Thus the accuracy of estimating a cow's breeding value from a single 
record is the same, regardless whether the record is expressed as a 
deviation from the herd average, including the cow's record, or from the 
stablemate average, excluding the cow's record. This result is not 
surprising, because the same amount of information is used in both cases. 
The weight given to the deviation of a cow's record from the herd 
average differs from that given to the deviation of the record from the 
stablemate average, but the weight for the deviation of the herd average 
from the population average turns out to be the same as that for the 
deviation of the stablemate average from the population average. The 
weights used in Equations 1 and 2 are derived below. 
Using the herd average, the prediction equation for a cow's breeding 
value is 
3-G = "CP " "Pi . fG (p„p) + rGH - rGP rPÏÏ . jG ^_P) 
1 ™ rj?H °P 1 " rPH °H 
where r^p, r^ and r^~ are as defined above, Oq/crp = h, and 
= Op y [l+(n-l)t]/n , so that 
By expanding (P-P) into (P-H+H-P) and then separating the first two terms 
from the last two, we get Equation 1 (page 11). 
Using the stablemate average, the prediction equation becomes 
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where = ~\j [l+ (n-2)t]/(n-l) and all other variables as defined above, 
so that we now have 
: 
-
5 
• ""SKS:;" • • »-•> • .1 • - ™ 
By expanding (P-P) into (P-Y+Y-P), separating the first two terms from the 
last two and simplifying as much as possible, we get Equation 2 (page 11). 
An example to show that Equa*- ' ons 1 and 2 actually lead to identical 
estimates of a cow's breeding value is given below. We will assume a 
2 heritability of h = .2, a genetic correlation among herd-year-season 
mates, r = .1, a corresponding phenotypic correlation, t = .3; a single 
record of 17,000 lbs., a herd average of 14,500 lbs.» based on 10 cows, 
and a population average of 13,500 lbs. Using Equation 1, we have 
G - G = .2 [ |(2,500) + Yj (1,000)] = +746 
The stablemate average, excluding the cow's record , is 14,222 lbs. 
Equation 2 then gives the estimate 
G - G = .2 [ |j| (2,778) + (722)] = +746 
